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ABSTRACT 

A general formalism is described for predicting shifts in mineral 180/160 attending changes in intensive and extensive 
thermochemical parameters during metamorphism. The method involves solving simultaneously linear differential equations 
describing changes in 6180 with requisite mass balance and thermodynamic equations and can be modified to accommodate 
a variety of open and closed-system conditions. Analytical solutions for 61So as a function of reaction progress (~) are 
presented for simple systems experiencing closed-system evolution, Rayleigh dehydration, and fluid infiltration. An example 
application involving 6180 zoning in garnet illustrates that comparisons of predicted covariations among 6180 values, cation 
concentrations, and mineral abundances to patterns preserved in natural rocks can be used to reconstruct metamorphic 
net-transfer reaction histories. Such comparisons also provide new tests useful for determining the relative importance of 
other processes, such as Ostwald ripening, during the textural evolution of metamorphic rocks. The presented methodology 
constitutes the necessary framework for evaluating small-scale variations in 6180 in the context of parageneses in 
metamorphic rocks. 

" . . .  the number of conditions necessary for equilibrium, will be diminished, in a case otherwise the same, as the number of  
equations of  conditions is increased" 

--Gibbs, 1876 

I. Introduction 

Var ia t ions  in 180// 160 of  a given mine ra l  species  wi th in  a m e t a m o r p h i c  t e r r a n e  a re  o f ten  a t t r i bu ted  
to changes  in t e m p e r a t u r e  (T) ,  bu lk  compos i t ion ,  or  deg ree  of  fluid in te rac t ion  [1]. However ,  any fac tor  
which governs  the  s ta te  of  a rock  system can in p r inc ip le  affect  changes  in mine ra l  1 8 0 / 1 6 0  as a resul t  of  
ensuing  reac t ions  which cause  changes  in mine ra l  p ropo r t i ons  (ne t - t r ans fe r  react ions) .  Many  existing 
formal i sms  for  i n t e rp re t ing  mine ra l  oxygen i so tope  ra t ios  in rocks do not  cons ider  these  effects  [e.g. 2] 
and  are  t he r e fo re  of  l imi ted  use in m e t a m o r p h i c  s tudies .  Advances  in l a se r -hea t ing  m e t h o d s  for  in-s i tu  

minera l  i so tope  ra t io  m e a s u r e m e n t s  [3,4,5] p rov ide  the  impe tus  for  more  r igorous  invest igat ions  of  the  
extent  to which var ia t ions  in mine ra l  1 8 0 / 1 6 0  can be  a t t r i bu ted  to p rogress  of  ne t - t r ans fe r  reac t ions  
dur ing  m e t a m o r p h i s m .  

Previous  s tudies  [6,7] used  mass  ba l ance  cons t ra in ts  c o m b i n e d  with numer ica l  ca lcula t ions  to demon-  
s t ra te  tha t  a c o m p l e t e  and  accura te  u n d e r s t a n d i n g  of  r eac t ion  his tory is of ten  necessary  for cor rec t  
i n t e rp re t a t i on  of  var ia t ions  in m e t a m o r p h i c  mine ra l  oxygen i so tope  rat ios.  Unt i l  now, however ,  the re  has 
b e e n  no formal  a p p r o a c h  for  re la t ing  var ia t ions  in mine ra l  1 8 0 / 1 6 0  to changes  in o the r  chemica l  
p a r a m e t e r s  dur ing  evolu t ion  of  m e t a m o r p h i c  systems [8]. Of  pa r t i cu la r  impor t a nc e  are  covar ia t ions  
among  1 8 0 / 1 6 0  and  mine ra l  ca t ion  concent ra t ions .  Such covar ia t ions  a re  inevi table  consequences  of  
con t inuous  ne t - t r ans fe r  r eac t ions  and  compr i se  po ten t i a l ly  power fu l  tools  for dec iphe r ing  m e t a m o r p h i c  
r eac t ion  his tor ies .  

In  this  p a p e r  the  inverse  p r o b l e m  of  using mine ra l  oxygen i so tope  ra t ios  to e luc ida te  the  na tu r e  of  
ne t - t r ans fe r  reac t ions  dur ing  m e t a m o r p h i s m  is addressed .  A m e t h o d  is desc r ibed  for  re la t ing  changes  in 
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extensive and intensive thermodynamic parameters t o  6 1 8 0 i  (the permil difference in 180 /160  between 
a mineral or fluid phase i and a standard). The method builds on the differential thermodynamic 
formalism of Rumble [9] and Spear et al. [10] and the analysis of isotope variations in metamorphic 
systems presented by Rumble [6]. The equations are based on requisites for local equilibrium and 
consequently do not include space coordinates or the time variable. One can foresee, however, 
applications in diffusion and advective transport calculations where boundary and initial conditions are 
dictated by equilibrium states. No claim is made that the rigorous treatment presented here is mandatory 
for !nterpretation of oxygen isotope data in all metamorphic rocks. Indeed, in many instances shifts in 
mineral 6180 values attributable to reactions are below detection limits with current technology. Rather, 
attention is drawn to the formal link between mineral 6180 values and other chemical parameters to 
demonstrate that measurable correlations among these quantities can be useful and are expected in some 
metamorphic rocks. 

Explicit solutions to the equations comprising the method are presented for several simple examples. 
It is hoped that demonstration of analytical solubility for a variety of problems will reinforce to the 
reader not only the validity of the approach, but also its broad applicability. 

2. Theory 

Spear [11] and Young [12] showed that the concept of reaction progress can be incorporated into a 
system of linear differential thermodynamic equations depicting heterogeneous equilibria along quasi- 
statical equilibrium paths. The resulting sets of equations comprise a general approach for relating 
changes in modal abundances of mineral phases to changes in factors of state which govern open or 
closed thermodynamic systems. This methodology can be extended to include equations which describe 
changes in mineral isotope ratios (in the standard 6 notation) during metamorphism. 

In order to simplify the presentation of systems of equations, use is made of the indicial notation and 
the Einstein summing convention prevalent in mechanics and other fields. With this convention, an index 
which appears twice in a term represents a summation over the range of the index. The summation 
convention is suspended in favor of explicit summation symbols where potential ambiguities arise from 
application of the former (the summing convention is not used in equations where explicit summation 
symbols appear). 

2.1 Thermodynamic formalism 

The thermodynamic formalism used in this paper is described in detail elsewhere [13]. The equations 
are presented here to illustrate compatibility with the isotope equations introduced later. Only those 
systems in which H 2 0  is the sole fluid species are considered explicitly. Extensions to systems which 
include multicomponent fluids are described or are self evident. 

For each of the linearly independent reactions r among phase components i in a heterogeneous 
system, the condition for equilibrium is [14] 

0 = Evi~P~i (1) 
i 

where /-~i is the chemical potential of species i and Vir is the stoichiometric coefficient for species i in 
reaction r. Equation (1) in indicial notation becomes 

0 = Vir],~ i ( l a )  

where the summation over i is implied. The differential form of the equilibrium condition is then 

~(lgirl.~i) ~(l~ir].£i) O(Vir]-£i) 
0 - - d T +  - - d P +  - - d x j  (2) 

aT OP Oxj 
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where T is temperature, P is pressure, and xj is the mole fraction of phase component j in the 
appropriate host phase. Coefficients in eq. (2) are evaluated as follows: 

O(Pirffbi) --PirSlbar'T*+Vsr R I n  as+VHzOrR In PX ~T , fH20 + t'H~o,~RT OT ] (3) 

~(12irl~i) (Psr~rs lbar'298* ) (4) 
,3P 

8xj • a-- 7 ~ ] (5) 

In eqs. (3)-(5) s is the index for solid phase components, * denotes pure species, ~/~bar,:~* is the molar 
entropy of pure species i at the indicated conditions, a i is the activity of phase component i, e,7" fH20 and 
FI~2O are respectively the fugacity and fugacity coefficient for H20,  l)s lbar'298* represents the molar 
volume of species s, and R is the ideal gas constant. Mole fractions x i are subject to the additional 
summing constraints: 

0 =  EdXjk (6) 
J 

imposed by stoichiometry for each of the phases k. 
Equations (2) and (6) comprise the relations among intensive variables in the heterogeneous thermo- 

dynamic system. Accordingly, the reader may verify that the variance of any system of equations obtained 
by application of (2) and (6) is consistent with Gibbs' familiar phase rule. Extensive variables, including 
molar quantities of phases M k and molar amounts of system components ~sys 0u , are included by adding 
one mass balance equation for each of the C system components of the form 

E( ~. Zjktf'jk,) dMk-[- E E(MkE'jk,) dXjk-- dT~YS (7) 0 =  
k j - k j 

where ejk t is the number of moles of system component l in phase component j. Equations (2), (6) and 
(7) represent a system of linear differential equations which can be solved simultaneously for changes in 
intensive and extensive variables in a heterogeneous thermodynamic system. The total variance of the 
system of equations is C + 2, as prescribed by macroscopic thermodynamics [14]. 

2.2 Isotope equations 

Variations in mineral isotope ratios can be included in the thermodynamic analysis described above by 
addition of equations for the total differentials of 8180 for each phase i: 

( ~818Oi t T )  I ~8180//0M k ] ( ~818Oi ) 
dSa8Oi= d T +  E~k dMk+ Ef ~ dxf+d8180sys (8) 

where xf represents the mole fraction of oxygen-bearing fluid species f in the fluid phase. The 
thermodynamic and isotope equations are linked by the variables dT, dMk, and, in the general case of 
impure fluid, dxf. Simultaneous solution of eq. (2), (6), (7) and (8) affords quantitative assessment of the 

18 dependence of 6 0  on macroscopic thermodynamic factors of state. Equation(s) (8) add one degree of 
freedom to the system. The increase in variance derives from the distinction between 180 and 160, and is 
represented by the variable 8a8Osys . The total variance remains C + 2 despite the added degree of 
freedom as 180 is counted among the C system components. For example, the system components can be 
regarded as consisting of 180 together with oxides of general form M~6Oy. 

Coefficients for eq. (8) are derived by differentiation of the expression 

8 'So /=  • (°°sM,/'r) Ari, + E (XfC'ofgfluid/T) AT/+ 818Osys (9) 
s f 
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where w s and wf are oxygens per mole of solid phase s and fluid species f ,  respectively, 3- is the total 
number of oxygens in the system, and A~s(Afff) is the temperature-dependent  equilibrium difference in 
6180 between phase i and phase s (fluid species f )  expressed as 

AiT ~_ Ais Bis 
+ - T  + Gs (10) 

Equation (9) closely approximates a mass balance equation for lSo [15]. The resulting coefficients are 

( 0618Oi -2AiswsM s BiswsMs 

+ Y',( -2Aif°)fxfMnuid-BifC°fxfMn~ia ) (11) 
f 3-T3 3-T 2 

( 0~18Oi ) miLO,)k O.)k(~smiTsO.)sMs+~fmiTf~ofxfMfluid) 
(12) 

= 3-2 

( 0~18Oi ) AiTf°gfMfluid(3---mfxfMfuid) 
= 3" 2 

( y~'s Ais~sMs+ y~fj~f mifjOgfyxfjMfluid ) (13) 
-- wfMfluid 3-2 

Simultaneous solution of eq. (2), (6), (7) and (8) can be performed numerically or, in some instances, 
analytically. The solutions permit calculation of shifts in mineral 6180 associated with variations in 
mode, T, P, phase composition and fluid conditions. In many geologically realizable systems, including 
those closed to mass transfer, those experiencing fractional growth or resorption of minerals, and those 
open to infiltration of fluid of a prescribed composition, the total number of linearly independent 
extensive and intensive parameters is two (see examples below). The low total variance (not to be 
confused with the intensive variance prescribed by Gibbs' phase rule) results from incorporation of 
equations which govern the variations in extensive parameters for the particular process of interest. 
Consideration of extensive variables affords predictions of covariations among 3180 and other measur- 
able parameters such as phase chemical composition which cannot be obtained with analysis of intensive 
parameters alone. The cost of this low variance is a loss of generality. Predicted chemical and isotopic 
trends are only strictly applicable to systems of specified bulk composition and reaction history. 

3. Example solutions 

3.1 Closed-system reaction 

Consider a rock composed of muscovite (Ms), quartz (Qtz), K-feldspar (Kfs), sillimanite (Sil) and 
K 2 O-AI  2 O3-S~ u 2 - n  2 u -  u .  Among these pure phases, water (H20)  in the simplified system 16 16 -16t-~ ti16¢-~ 18(-~ 

there is one linearly independent reaction in the case where the system is closed to transfer of mass: 

Ms + Qtz ~ Kfs + Sil + H 2 0  ( r l )  

Equations (2), (6), (7) and (8) evaluated in the context of this closed system (i.e. where dr/~ ys = 0 for all 
components l, d~18Osys = 0)  yield a system of 10 equations in 12 variables. The total variance of the 
system is thus 2. Of these 2 independent parameters, no more than 1 may consist of an intensive variable 
as the intensive variance given by the phase rule is still 1. The 10 equations can be represented in indicial 
notation: 

30 i 
3Aj dAj = 0 (14) 
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where the terms Mi/&ij comprise the 10 X 12 coefficient matrix (Jacobian matrix) and dRj is the 
solution vector. In (14) Bi represents the parameters (~j~j, ngio, nzzo,, niyo,, qg:o, a1*Ou20, 8”Osir, 
6180 KfS7 ~1800tzY 8180r,,rS), Aj is the variable set (T, P, MHIO, M,i1, Mws, M,,,, M MS, 6180H20, ai80,il, 

6180 Kfs7 8180Qtz, alsO&, and omission of subscripts for the partial derivatives indicates differentiation 
with respect to the denominator variable only. 

Expressions for shifts in al80 with changes in Mu,o at constant pressure (dP = 0), where MHz0 is 

used to monitor the progress of reaction, can be obtained by subtracting terms for dMHIO from both 
sides of (14) and then dividing each equation by dMHzo. The resulting set of equations are of the form 

aei 
-- 

ah20 

(W 

where Aj is equivalent to Aj with MHz0 and P excluded and subscript P indicates that differentials 

refer to conditions of constant pressure. Premultiplication by the inverse of the Jacobian coefficient 
matrix Wi/aA> yields the solution for (aA’#)MHZO)P: 

aKj 

i 1 - = 
aMH,O p 

aT 

i i a%20 P 

i 

aMSil 

a&l,0 

( aM,fs 
3MH20 

i 

aMQtz 
a&O 

a6180 Kfs 

i I aM&o p 

= 

I 

0 
1 
1 

-1 
-1 

aal Hz0 
jk aM k 

aislso SII 

vk aibfk 

aalso Kfs 
vk aM, 
aiV80 Qtz 

vk aMk 
a6l8o MS 

vk aM, 

(16) 

The summing convention is invoked over phases k for each element of solution vector (16). The first five 
elements of (16) are trivial, reflecting the fact that this system is univariant with respect to intensive 
parameters, and hence temperature cannot change at constant pressure, and the fact that changes in 
moles of phases are constrained by the stoichiometry of reaction (rl). 
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A comment on the relation between total variance and Gibbs' phase rule is warranted here. We have 
chosen as the 2 independent parameters P and Mn2o, where the former is held constant and the latter 
is to be specified in order to determine the state of the system. Specification of 2 parameters was 
necessary in order to solve eq. (14). Gibbs' phase rule dictates that the system is "univariant". The 
univariant character of the system is manifest in (14) by the fact that holding more than 1 intensive 
variable constant, in this case both P and T, results in a singular Jacobian matrix (i.e. [a0i/aA j ] = 0), 
making unique solution of (14) impossible. The method of calculation therefore includes an inherent 
check for violations of the phase rule in the form of the Jacobian. Clearly, however, Gibbs' phase rule 
cannot be interpreted as the total number of independent parameters. If such an interpretation were 
correct, solutions to (14) would be possible with specification of only 1 parameter. For example, holding 
P constant would be insufficient for solution of this 10 × 12 system of equations. This simple example 
illustrates the important distinction between intensive degrees of freedom given by the familiar phase 
rule, and total variance of the system which refers to the degrees of freedom among both intensive and 
extensive variables. The phase rule dictates the number of independent parameters which must be 
specified to establish the state of the system with regard to intensive parameters (e.g. T, P, phase 
composition), while the total variance gives the number of independent parameters required to establish 
the state of the system inclusive of extensive parameters (e.g. amounts of phases). 

Inspection of eq. (10) shows that 

a6180H20 06180Si I a~180Kf s a6180Qtz a~180Ms 
u k aMk u~ OM~ - vk aM k - u~ aMk - u k aMk (17) 

and therefore 

P c')MH 20 P c')MH 20 P OMH20 e OMH2° 
(18) 

as required at constant temperature to preserve A~. among the phases ) 
Substitution of eq. (12) into the solutions for (a6180JaMn:o)e and replacement of d Mn :  o with the 

forward reaction progress variable d~: (equivalency of dMH2 o and d~ can be deduced from the identity 
M k =M~ + uk~:) affords the explicit functional relation between d61soi for phases i and reaction 
progress: 

I a,, _ E (°'J a,M ) d6180i = k~ PkOJk L T j T 2 d~ (19) 

The analytical solution for 618Oi(~ z) is obtained by integration of (19): 

6180/ =61800 q- EPkO')k -- E ~-- E ~2 (20) 
T j 

where ° denotes initial values. Equation (20) demonstrates that mineral 6180 values vary in an 
unambiguous manner with progress of closed-system net-transfer reactions even at constant temperature 
(and pressure) [cf. 16]. Shifts in 618Oi resulting from closed-system reactions are typically of the order of 
present-day limits of detection (several tenths of a permil). Nevertheless, the academic exercise of 
deriving eq. (20) elucidates the inexorable link between mineral 180//160 and ~ and serves as 
preparation for establishing analogous relations in open systems where shifts in 618Oi values attending 
progress of reactions can be significantly larger. 
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3.2 Rayleigh distillation 

Both the extensive amount of system components and the system 180/160 are altered by fractional 
removal of a phase or phases. Perfect Rayleigh fractionation attending reaction can be described 
mathematically by addition of equations which prescribe the variations in r/~ yS and 6180sys resulting from 
loss of the fractionating phases to the closed-system equations described above. 

The equations which must be added in order to describe changes in r/~ ys during fractionation of 
phases F are of the form 

~ sys ~ ~ sys 
'1 l  ~ '1 l  

0 = - ~_. ~ F d M F - -  E E - - d X ] F - -  d ~  ys (21) 
F F j OXjF 

and are evaluated as follows (cf. eq. 7): 

~(Y'~xjFe,FI) dM F -  ~ ~(MFejFt) dXjF--d~7~ yS (22) O= 1 

F j - F j 

Addition of one equation of the form of (22) for each system component affected by fractionation to the 
closed-system equations is sufficient to model chemical changes during reactions involving Rayleigh 
fractionation or distillation. This can be seen by setting dr/~ ys equal to 0 in (7), providing the 
closed-system equation for r/~ ys, and then adding the latter equation to (22), for which drl~ ys is not 0. The 
resultant expression is identical to (7) with the exception that the summations exclude fractionating 
phases (i.e. k in eq. (7) excludes F); i.e. fractionating phases do not contribute to the -O~ ys, which is a 
sufficient definition of perfect Rayleigh fractionation. 

Changes in 618Osy~ attending Rayleigh fractionation are described by the general expression 

0(~ 1 8 0 s y  s ~ l g O s y  s 

0 =  - E o M ~ d M F  - ~-, O~180F d~18OF-d~18Osys (23) 
F F 

The distinction between fluid species has been temporarily omitted in (23) for the sake of brevity. 
Equation (23) is evaluated by rearrangement and differentiation of (9): 

('OF( ) O)FMF d 6 1 S O F  0 = - ~ U ~WkMk ArFk dMF-  ~ - d~lSOsys (24) 
F k F T 

Equation (24), when combined with eq. (8), in which d~18Osy s is set to 0, has the effect of removing the 
isotopic contribution of phases F from the system. Addition of (24) to the closed-system equations 
therefore can be used to calculate shifts in mineral 3180 resulting from reactions involving Rayleigh 
fractionation or distillation. 

Suppose now that as the phases Ms, Qtz, Kfs, Sil and HaO react, HeO produced by reaction (rl) is 
ct~sys and d~t8Osy s are released from the system in a perfect Rayleigh distillation process. In this case, "~'1H20 

no longer 0 and they must be included in the system of equations. The stipulation that H 2 0  is lost from 
the system by the process of Rayleigh distillation allows one to write linear equations for both a~,sys and ~ ' / H 2 0  
d618Osy s. In the case of the former, the appropriate equation is (22), which in the present example 
reduces to 

0 = - dMn2 o - u01nzO'~'sys (25) 

The expression for d~18Osy s derives from (24), which for this case yields 1( ) 
O= - - ~  ~Wkm k A T d m H 2 0  MH20 H20,  k d~18OH2o -- d618Osys (26) 

k "/" 

Equations (25) and (26) add two equations and two variables to the closed-system equations (14). The 
variance of the system of equations is hence unchanged. This is a general result applicable to systems in 
which variations in rt~ ys a n d  (~180sy s are controlled by Rayleigh fractionation or distillation (i.e. eq. (22) 
and (24)). 
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Expressions for shifts in mineral 8180 values with changes in MH20 by the process of Rayleigh 
distillation at constant pressure, where again MH2O is the monitor of progress of reaction (rl), are 
obtained by rearrangement of eq. (2), (6), (7), (8), (25) and (26) in the manner described for the 
closed-system example to produce the set of equations 

30"( ~A~ ) _ _  00" (27) 

OA'~ OMH20 P OMH2 0 

t sys sys sys sys i 8 18 18 
w h e r e  0 i represents the parameters (ujlxj, "OK O, 'OAI O ,  "OSiO , 'OH O, 3 O H , O ,  3 O s i  D 3 OKfs,  2 2 3 2 2 18 18 sys 18 . " • " sys 18 8 0 o t  z, 6 0 M s ,  "OH-O, 6 0 s , ,  s) and A, Is the variable set (T, Msil, MKfs, M,~tz , mMs , "OH O, (3 OH O, 

18 18 182 18 a 18 s . syst ,v "~ys tt 2 .2 
Osi~, 80Kfs ,  8 0 o t ~ ,  8 0 M s ,  80~y~). Notice that (0'OH~o/0A j) and (0"OH~o/OA j) are not equiva- 

lent, the former representing coefficients in (23) and the latter referring to coefficients in (7). Premulti- 
plication by the inverse of the Jacobian matrix 00"/0A'~ yields the solution for (0A'~/0MH2o)p: 

( °Ms,__!, t 
ÙMH20 J p 

( MKfs 1 

c'3Mtt2o ] p 

/ 

( t ~-G5.~o J, 

0MH20 

OMH2o 

( ~8180  Kfs ) 

OMH20 p 

0MH20 (  18OM ) 
0MH20 p 

OMtl2o 

0 
1 
1 

- 1  
- 1  
- 1  

t" k(  O($18OH20/OMk ) -- (0($|8Osys/C3MH20) 

(0~18Osys/O~18OH?o) q- ] 

V k ( &~ I8Osil/C3Mk ) - -  ( O618Osys/OMH20 ) 
(081SO~yJOS'8OH2o) + 1 

~.,~(o,~'s o K,dOMk) -- ( O ' ~ O . d 0 U . ~ o )  
(08180~ys/O61SOH~o) + 1 

,,~(0,~lSOotz/OM,~) - (0,~'~Os.~/OM.2 o)  
(o~l~Osy~/.~,~l~O.~o) + 1 

~'k (0,~'~O Ms/0M,~) -- (0~ '~Osys/~'M.~o) 
( 0 ~ 1 8 O s y s / 0 ~ 1 8 O H 2 0 )  + 1 

- - ( ~ ( ~ 1 8 O s y s / 0 ~ 1 8 O H 2 0 ) P k ( ~ l S O H 2 0 / / ~ M k )  -- (o~ lSOsys /OMH2 O) 

(o¢~lSOsys /0318OH20)  -}- 1 

(28) 
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where use is made of the summing convention over phases k. The first five elements of the solution 
vector are equivalent to the closed-system solutions and are intuitively obvious. The sixth element, 

sys (O~u:o/OMH2o)e = -- 1, illustrates the essence of the Rayleigh dehydration process: for each mole of the 
phase H20 produced by reaction (rl), the extensive amount of water in the system decreases by 1 mole. 

Since eq. (17) is a general result, (18) also applies to solution (28) and dSLSO for the phases are 
equivalent. With appropriate substitutions for 0~$180i/0M k from (12), and for 0(~18Osys/OMH20 and 
O~180~y~/0618Ou2 o from (26) one obtains 

[ AiT k O)j Air]M1 ] wi A~2o,jM i 
E~.~o,~/- 2 - -Ej  ~= ] -EJ  T 2 

dalSOs= ~ - -  (Mu:o/'r) + 1 d~ (29) 

The suitability of eq. (29) for describing the changes in mineral 6180 with Rayleigh dehydration is 
evident by comparison with its closed-system analogue (19). Where (MH2o/Z) (the oxygen fraction of 
H20)  << 1, the expression for d~sO~ during Rayleigh distillation of H 2 0  differs from the closed-system 
equation by 0($~8Osys/0MH. o d~. It is this additional term which accounts for potentially larger shifts in 
alSO~ values during Rayleigh dehydration as compared with closed-system reactions. Integration of (29) 
gives 

VkWk Air~ ln(r  + M,~2o + ~) 
alSo~ = a~SO~' + ~k E~v?oj + 1 

k ] 

~o,~,oj A,~. ( ~(< + M~,2o ) ) 
+ E E  z,~,(M--~-_~--~Lo) ~,~,~,+1 -M7 ln(,+M~:o+~) 

k j 

T ( o) 
k E,w,(M2 - vsM~,:o) M°k Elu, w, In r 

-I- E ¢'0k A H 2 0 ' k  o 

k Esws(M°~us----M°H2O) Etv,~t+ 1 - M  k l n ( r + M ~ : o + ~ :  ) (30) 

Implicit in (30) is the identity M~i=o + ~ = o~2oMn:  o = MH2 o. The algebraic complexity of (30) stems 
from the dependence of z on ~ according to the relation z = ~.o + Ekukoa~£" 

The analytical solution for 81SOi as a function of s c in eq. (30), while cumbersome, illustrates that 
simultaneous solution of linear differential equations depicting thermochemical equilibrium, mass-bal- 
ance and isotopic equilibrium can be used to model unambiguously variations in mineral 8180 during 
Rayleigh fractionation processes. In practice, solutions are obtained by numerical integration whereby 
successive evaluations of the solution vector (e.g. (OA'~/~MH:o) e) are used to update continuously the 
coefficient matrix (e.g. 00"/0A~). 

3.3 Fluid infiltration 

In the case of infiltration of fluid, the closed-system equations must be amended to account for 
variations in both rl~ yS and 81SOsy~, where the system consists of the rock and its pore volume. Consider 
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the infiltration of aqueous fluid into a metamorphic rock at constant porosity. In this case, the 
closed-system condition ~'~H2Oa'sys = 0 (constant moles of total system H 2 0 )  is replaced by dMH20 = 0 
(constant moles of the H 2 0  phase). The latter is the constraint imposed on the fluid-rock system by fixed 
porosity (the tacit assumption being that the fluid occupies a dominantly interconnected pore volume). 
The total MH~ 0 at any instant includes both externally derived H 2 0  and that produced internally by 
reaction. Note that we have not thus far altered the total number of independent parameters of the 
system. Rather, we have simply replaced one extensive constraint with another. 

In order to compute the oxygen isotopic effects of fluid infiltration, the closed-system condition 
dc~18Osys = 0 can be replaced by an equation relating 6180sy s t o  other parameters of the system and the 
external fluid. The precise form of the equation will depend on the specific circumstance. In all cases, 
the behavior of the isotopic composition of the external fluid must be specified if an increase in the total 
number of independent parameters is to be avoided (an analogous statement can be made regarding the 
mole fraction of fluid components for those cases where multicomponent external fluids are considered). 

As an example, we examine the simple case in which the t 8 0 / ~ 6 0  of the infiltrating H 2 0  is constant. 
The equation f o r  61SOsy s in integrated form is then 

ext )lAt int 
6180sys £ wsMs 18 M H 2 ° 6 1 8 o e x t  "4- * '*H20~  18('lint (31) 

= 6 O s -J- H20 ~ H 2 0  
T '7" T S 

where superscripts "ext" and "int"  refer to externally derived H 2 0  and internally produced H 2 0  , 
respectively. The oxygen isotopic composition of the internally produced H 2 0  in eq. (31), 6180 int is H20'  

ext taken to be the value dictated by equilibrium with the solid phases such that only changes in MH: o can 
affect changes in 8~80 Incorporation of the identity sys' 

dM ext = a ~ y ~  ( 3 2 )  
H20 ~U H20 

followed by differentiation of (31) yields 

1 ( V ' o ) M / 6 1 8 0 e x t -  6180s))  cl~Sys d ~ l S O s y s = 7  ~ s s~, H2O ~ ' IH2O 
s 

L/ lArint  ( , ~ 1 8 ( ) e x t  - -  6 1 8 0 i n t  "1 rt~sy s 
+ T2,,~H2OIx~ ~ H 2 0  H2O ] ~ ' IH2O (33) 

Simultaneous solution of eq. (2), (6), (7), (8) and (33) with the conditions d M H o = 0 and d r / ~ n  o = 0 
permits calculation of changes in mineral 6180 attending reactions as water witt~ a fixed 180/1602flows 
through the rock at constant porosity. 

Returning to the system composed of Ms, Qtz, Kfs, Sil and H 2 0  at constant pressure, eq. (2), (6), (7), 
(8) and (33) can be solved to obtain expressions for shifts in 6180 with reaction progress, where 
d~Sys = - d s  c. The equations to be solved are ' IH20 

oo;'( 0AT] oo;' 
,,, ~ !  - a~sys (34) 

3Aj V,tH20 ] P V,/H20 

where 0 i represents the parameters (uflxj, ~sys ~sys sys ~,,sys 8180 8180 8180 618OQtz, tt ~IK2O' '/A1203~ 'I7SiO2~ ' /H20 '  HzO' Sil' Kfs, 
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6180 6180sys ) and A"[ consists of the variable set (T, Msil, Mrs 8, Motz, MMs, 8180H2 O, 8180 Ms, Sil, 
318OKfs, 818Ootz, 618OMJs, 31808ys). Solving for (0A'7/0"q~o) e we have 

( 0rt~o ) 

( / 

[  MK,, t 
7 

He0 ] P 
' 

0r/~l~ ° e 

88180H20 
~ s y s  
V'lH20 

3618Osi l 
~,r, sys 
VflH20 

( i~818OKf~ 
7~ ~ sys 
VJ/H20 

0818Ootz 
~8ys  
UJ/H20 

( i)818OMs 
~ sys 

~'IH2O 

0818 Osy s 

0~sys 
'IH2O 
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P 

0 
-1  
-1  
1 
1 

0818Osys 08180H20 

0~sys Ps 
'! H 2 ° 0m, 

08180sy s 0818Osi 1 

i)~ sys Ps 
'IH20 OMs 

38180sys 0818OKfs 

' /H20 

08180sys O818Ootz 
0~ sys Ps 

'IH20 OM, 
38180sys 0818OMs 

O ~y8 Vs aM, 
'IH20 

0818Osy s 
O~sys 

' IH20 

(35) 

The solutions illustrate that each aliquot of H20 added to the system drives reaction (rl) in the negative 
direction (-so), resulting in progressively hydration of the fictive rock. As in the previous examples, (17) 
applies and the isothermal shifts in 3180 are identical for each of the minerals. Substitution of - d s  c for 

sys drt.2 o in (34) permits the expression for d 8 1 8 0 i  to  be expanded as 

[ai ~, 
d a 1 8 0 i =  s~PsCOs -~ 

~ j ~ j  T AijMj 
r2 d~ 

E w M (8180ext  - 8 1 8 0 k )  ] k k k~ H20 
- 7 at (36) 

An approximate solution to (36) can be obtained for those instances in which the oxygen isotopic 
composition of the infiltrating fluid differs significantly from the equilibrium composition such that the 



158 E.D. YOUNG 

magnitudes of shifts in 8180 k are small compared with 818(~ext ~ n 2 0 -  618Ok 1" The latter may then be 
regarded as constant, yielding upon integration 

//s (Os ( T o 
\ Airs In r + Z ~oj A ijM ) (~18Oi = 6 1 8 0 t  ~- , E k P k ( . O k  j T 

~j r(Ekukwk) ~ l n r +  Ekukw~(lnr+ l) 

m _ o  ~) vk~ In r - M T ,  + ~ ( l n  r + 1 ) (37) 
k rE~v~oJj 

Derivation of eq. (37) for this simple example illustrates that variations in mineral 8180 values are 
linked in definite and calculable ways to other chemical parameters (e.g. ~:) during open-system 
reactions. Integration for more complex cases is normally accomplished numerically and does not require 

18 ext the simplifying assumption of constant [8 On2 o - 8180 k [. One concludes that correlations among 8180 
and macroscopic thermodynamic parameters during progress of open-system reactions can be predicted 
readily if the behavior of open-system components can be written in linear differential form. 

4. Applicability 

Exchange of oxygen isotopes among minerals and fluid can occur by resorption and crystallization of 
minerals (i.e. progress of net-transfer reactions), dissolution and reprecipitation of minerals, and self 
diffusion of oxygen [17]. The present formalism will be successful in explaining observed variations in 
mineral 8 |80  if the first process, involving resorption and crystallization of phases during net-transfer 
reactions, is the predominant mechanism by which at least some metamorphic minerals have acquired 
their present-day isotopic compositions. The efficacy of these competing processes for redistributing 
oxygen under metamorphic conditions is examined below in order to provide a context for appraising the 
usefulness of the calculation method described here. We restrict specific calculations in the following 
discussion to pelitic bulk compositions at amphibolite facies conditions for ease of expression. 

4.1 Progress of metamorphic net-transfer reactions 

Shifts in mineral 8180 values caused by closed-system reactions (e.g. eq. 20) and devolatilization 
reactions (e.g. eq. 30) have been investigated previously using largely numerical methods [6,7,18,19]. In 
general, changes in mineral aJSO values produced by closed-system net-transfer reactions are less than 
approximately 0.5%0 while those associated with devolatilization reactions are less than ca. 1%o. 
Although of limited use individually, comparisons of such small variations in 8180 with mineral 
elemental concentrations, reaction progress variables (i.e. rock modes), and expected correlations among 
these variables afforded by the present calculation method is a potentially useful approach for elucidat- 
ing metamorphic reaction histories. 

The range in possible changes in mineral 8180 values imparted by concurrent reaction and fluid 
infiltration during metamorphism (e.g. eq. 37) is commensurate with the possible disparities between 
8180 values of rocks and fluids. Even for a single instance of disparity between infiltrating fluid and host 
rock 180/160 ,  the potential ensuing changes in 8180 are highly variable because of the reciprocal 
influences of reaction rates and fluid pore velocities. 

To appreciate this, consider the equation of mass balance for 180 in a pore of a permeable rock 
undergoing metamorphism: 

oclP~; e inf O'p . . . .  t . . . .  
div J'~o + R~o (38) 

at Upore 
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In eq. (38) CPg~ e is the concentration of 180 in a fluid-filled pore (an adequate approximation for 
180 /  160  for the purpose at hand), t is time, "nf f 18r~ J~s o is the advective flux 0 ,_, into the pore attributable to 
fluid infiltration (m_olnes 180/cm2/s) ,  %ore is the bounding surface area of the pore, %ore is the volume of 
the pore, and R,~ o is the overall production rate of 180 at pore surfaces (i.e. bounding mineral 
surfaces) by progress of net-transfer reactions (moles 180/cm2/s) .  The latter refers to the rate of 
reaction, irrespective of whether it is controlled by reaction kinetics or the rate of change in ambient 
conditions which drive the reaction; reactions occurring at or near equilibrium along quasi-statistical 
paths are not excluded in eq. (38). It is assumed in this formulation that the rates of 180160_ 1 exchange 
at mineral surfaces are equal to or greater than the rates of net-transfer reactions [e.g. 17]. 

Two end-member processes affecting changes in mineral 8180 are evident from eq. (38). One occurs 
when the net flux of 180 due to fluid flow through the pores (div nf J38 o) keeps pace with the rate of 180 
production or consumption by reaction at mineral surfaces (RptorXn). In these instances the concentration 
of 180 in the pore fluid is constant so that (38) reduces to 

inf O 'po re  nt-rxn 
div J,s o - R l s o  (39) 

Upore 

and 8180 values of newly grown or exposed mineral surfaces will be controlled entirely by the fluid 
(61Sol) through the relation 6180/= A,rf+ 618Of; i.e. mineral surfaces equilibrate (or strive to equili- 
brate) with an infinite reservoir of fluid. Although the mathematical treatments which give rise to 
equations such as (37) are not necessary for simply calculating 8180 values in these circumstances, the 
rigorous treatment is required if the changes in 8180 brought about during metamorphism are to be 
related unambiguously to other variables such as temperature,  pressure, mineral elemental concentra- 
tions and reaction progress. Fluid-dominated systems for which (39) applies are modeled with the 
present method by assigning a quantity of fluid large enough to be numerically infinite at each iteration 
(e.g. MH2 o >> E, Ms). 

The other end-member process suggested by eq. (38) occurs when the velocity of the fluid cannot keep 
pace with the rate of reaction such that 

inf O'pore nt-rxn 
d iv  J18 O << R~8 o (40) 

Upore 

In such cases, new mineral surfaces created during reaction will exhibit 6180 values reflecting mass 
balance among minerals and some finite integrated volume of pore fluid before they are isolated from 
further exchange of oxygen by new growth. A rigorous mathematical formalism like the one presented 
here is necessary for predicting changes in 8180 in rock-dominated systems open to fluid flow (i.e. where 
(40) obtains). The form of eq. (37) shows that the extent of reaction and the isotopic composition of the 
infiltrating fluid can be equally important in determining the 6180 values of minerals under these 
conditions. 

From the preceding discourse it should be clear that the relative amounts of fluid and solid used in 
each step of the model calculations is a defacto statement about the relative magnitudes of fluid flux and 
reaction rate. 

4.2 Volume diffusion 

In the absence of recrystallization or dissolution, exchange of oxygen isotopes between a mineral 
interior and its environment will be limited by the rate of oxygen self diffusion in the former. Estimates 
of oxygen self diffusion coefficients in metamorphic minerals span several orders of magnitude [20,21,22]. 
Measurements to date indicate that of the porphyroblast-forming minerals common to pelitic bulk 
compositions, garnet and staurolite are the most resistant to isotopic exchange rate-limited by diffusion 
while the micas are considerably less refractory. 
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Fig. 1. Effects of self diffusion of oxygen on the isotopic composition of garnet (left) and biotite (right). Surface 61so of both 
minerals was held constant at values prescribed by equilibrium with an ambient fluid with 61so of 3.0%o at 550°C. Initial 
equilibrium 5180 for garnet and biotite are 11).9 and 10.3%o, respectively. Oxygen diffusivities for garnet and biotite are 
8.49x 10 -26 and 1.04x 10 -7 cm2/s,  respectively, and were calculated with the method of Fortier and Giletti [21]. Garnet was 
modeled as a sphere (r = 0.25 cm) using eq. 6.18 of Crank [38]. Biotite was modeled as an infinite cylinder (axis parallel to c, 

r = 0.25 cm) using eq. 5.22 of Crank [38]. 

The importance of volume diffusion of oxygen as a means of affecting mineral 61So is quantified by 
considering the extreme case (see Eiler et al. [23] for a more complete discussion) of a porphyroblast 
bathed in an aqueous fluid with low 61SOH20 (3.0%o, cf. equilibrium 6180 of 13.3) at 550°C for 10 Ma 
(time scale suggested by work of Burton and O'Nions [24]) (Fig. 1). Under these conditions, after 10 Ma, 
spherical garnet with a diameter of 0.5 cm shows virtually no exchange with the ambient fluid; biotite, 
modeled as a cylinder with a 0.5 cm diameter in which no diffusion occurs parallel to the c axis, exhibits 
large gradients in 6180; and quartz (not shown in Fig. 1) of comparable size is entirely exchanged with 
the fluid. Results for staurolite are similar to those for garnet. The specifics of these calculations depend 
on the chosen diffusivities and geometries. The magnitudes of the effects are nevertheless robust and 
indicate that the 180 /160  of minerals such as garnet and staurolite are unlikely to be significantly 
affected by constant-volume exchange with fluid (or solids). These minerals therefore have the potential 
for preserving the oxygen isotopic record of net-transfer reactions. 

4.3 Dissolution-reprecipitation 

Dissolution and reprecipitation of minerals in the absence of net-transfer reactions (as commonly 
defined) can result from gradients in chemical potentials imposed by differences in surface energy among 
large and small grains which are otherwise in thermochemical equilibrium. This process of grain 
coarsening, or Ostwald ripening, is potentially important in the evolution of regionally metamorphosed 
pelites [25,26]. Extensive grain coarsening in the presence of a fluid which has yet to attain isotopic 
equilibrium with the host rock is a possible mechanism for producing isotopic zoning in large porphyro- 
blasts. Centers of the large grains would retain their original 8180 while margins precipitated during 
coarsening would exhibit 61SO approaching equilibrium with the ambient fluid. 

Radius-ra te  relations for Ostwald ripening have been summarized by Joesten [27]. Estimates for the 
efficacy of porphyroblast coarsening are obtained by assuming that the rate of growth or dissolution is 
controlled by the flux of the slowest diffusing constituent species through the surrounding matrix 
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Fig. 2. Plot of the log of maximum rate of radial growth ( cm/ s )  of a spherical garnet  by Ostwald ripening as a function of porosity 
(&) of an enveloping cont inuum matrix. The garnet  exhibiting this maximum rate of  growth has a radius r of 0.50 cm in a 
population of garnets  with a mean  radius of 0.25 cm. Rate  of reaction is assumed to be controlled by diffusion through an 
interconnected pore fluid at a constant  temperature  of 550°C (see text). Curve represents  solutions to eq. (38) and (39) in the text. 

(analyses of other potentially rate-limiting processes such as surface reactions produce similar or slower 
estimates of growth rate). For this calculation the matrix surrounding the porphyroblast is treated as a 
continuum in which the transport medium is an interconnected fluid occupying the pore space of the 
rock. The rate of growth of a spherical grain is then (modified after Joesten [27]): 1) 
o-T = ( R T ) i  - (41) 

where r is the porphyroblast radius, ? is the average radius for the porphyroblast population, D T is the 
diffusion coefficient for the slow species i in the fluid at temperature T, b is the porosity, y denotes the 
matrix-porphyroblast  interracial energy per unit area, and xi,fluiaCq represents the equilibrium concentra- 
tion of diffusing species i in the fluid. Average radius P varies with time according to the expression [27]: 

1 '/3 
r =  8°3 + 9 ( R T )  ( t -  t°)] (42) 

where 8 ° represents the initial average radius at time t °. 
As an example, consider a population of garnet porphyroblasts with an average radius of 0.25 cm held 

at 550°C for 10 Ma in a matrix containing an aqueous interstitial fluid. Solid-solid and solid-fluid 
interfacial energies differ by no more than a factor of 2 [28], suggesting that Y is less than approximately 
2.0 × 10 - 4  J / c m  2 [29]. Diffusivities D/55°°c for major constituent cations of garnet (e.g. Mg ++, Ca ++, 
Si ++) in the H 2 0  phase are on the order of 2.0 × 10 -4 cmZ/s or less [30]. With these upper limits, the 
maximum growth rate of the garnet porphyroblast, occurring for those grains with a radius of 28 [27], can 
be evaluated as a function of matrix porosity 4' (Fig. 2). Figure 2 illustrates that the importance of 
Ostwald ripening in redistributing porphyroblast material is critically dependent  on &. 

Numerical evaluation of eq. (41) and (42) with a value of 5 × 10 -3 for 4, and an average radius of 0.25 
cm results in the dissolution-precipitation curves for garnet shown in Fig. 3. Typical growth rates for 
garnet grains possessing an initial radius significantly greater than the average are on the order of 0.1 
cm/10  Ma under these conditions. For a porphyroblast population with a P of 0.5 cm, growth rates 
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Fig. 3. Radial dissolution-growth curves for garnet porphyroblasts undergoing Ostwald ripening in a continuum matrix with an 
aqueous fluid-filled porosity of 5 × 10 -3 at 550°C. Dashed line shows the evolution of the mean radius f of the garnet population. 

Note that larger grains show a maximum increase in radius of ca. 20% after 10 Ma. 

comparable to those in Fig. 3 are obtained with ~b = 1 × 10 -2. On the basis of these calculations one can 
infer that dissolution-reprecipitation will not be a dominant process for altering 6a80 values well within 
interiors of typical coarse-grained porphyroblast minerals if porosities are on the order of 5 X 10 -3 or 
less. 

Although the calculations presented above are revealing, large uncertainties in the parameters  
required to evaluate eq. (41) and (42) preclude definitive statements regarding the degree to which 
mineral 6~80 are influenced by grain coarsening in the presence of interstitial fluid. Indeed, comparisons 
of predicted covariations among 6~80 and mineral cation compositions produced by net-transfer 
reactions, afforded by the methodology described here, with measured gradients in oxygen isotope ratios 
and cation concentrations in porphyroblast phases will provide a variety of tests useful for evaluating the 
relative importance of grain coarsening versus net-transfer reactions in the textural evolution of 
metamorphosed pelites. Such comparisons should be made using phases such as garnet and staurolite, in 
which self diffusion of oxygen can be ruled out as a competing process. 

5. Example application 

The approach outlined in section 3.3 can be used to elucidate the reaction history which may be 
recorded by the average intracrystalline gradients in garnet gas0  values from a sample of the Gassetts 
schist of southeastern Vermont. Young and Rumble [5] report average garnet core 3aSO values of 10.9 
and average margin values of 10.0%o. Trial calculations demonstrate that the intracrystalline variations 
in garnet 6~80 are too large to be explained by either closed-system reaction or simple dehydration 
reaction. Marginal values of ca. 10.0%o extend up to 0.5 cm into the interiors of garnets with radii of 
approximately 0.8 cm or less [5]. The large radial extent of the isotope heterogeneity suggests, on the 
basis of calculations presented above (e.g. Fig. 1 and Fig. 3), that grain coarsening and static high-tem- 
perature exchange (the latter being ultimately rate limited by volume diffusion) in the presence of 
Iow-~180 fluids are not tenable explanations for the observed variations. The data therefore imply the 
existence of an externally derived (i.e. low-~180) fluid during progress of net-transfer reactions involving 
garnet. 
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In order to simulate this process using the differential approach, calculations were performed for an 
initial bulk composition composed of Qtz (12%) + Ms (33%) + Grt (5%) + Bt (12%) + St (21%) + Chl 
(12%) _+ P1 (4.8%) + H20 (0.2%) (mineral abbreviations after Kretz [31]; abundances in oxygen percent) 
in the system 16 16 16 16 16 16 16 .16 16 18 K 2 0 - N a e O - C a  O-Fe O-Mg O-Mn O-AIeO3-SI Oe-H 2 O-  O. The relatively 
small value for MH2 o used throughout the calculations means that we are in effect modeling the system 
as one where the rate of fluid flow is incapable of keeping pace with the rate of reaction (i.e. condition 
(40)). Implications of this assumption are discussed below. 

The initial pressure and temperature were taken as 7000 bar and 540°C, respectively, consistent with 
estimates for the near-peak metamorphism of the Gassetts schist [32]. The thermochemical data used are 
from Spear and Cheney [33] and Young [12]. Component activities in solids were defined by mixing-on- 
sites formulations while the hard-sphere modified Redlich-Kwong equation of state of Kerrick and 
Jacobs [34] was used for HeO. Isotope fractionation factors were taken from Richter and Hoernes [35]. 
Starting 61so values were calculated assuming an initial 6~8Osy~ of 12.1%o. Initial mineral compositions 
were obtained using a combination of measured garnet, staurolite and mica compositions and published 
data for similar rocks [5,13,36]. 

All reactions in the model Gassetts system can be described by combinations of four linearly 
independent net-transfer reactions: 

55Mu + 63Fe-Grt + 13Mg-Chl ~ 100Qtz + 55Fe-Bt + 14Mg-St + 6Fe-Chl (r2) 

50Fe-Bt + 10Mg-St + 3Fe-Chl ~ 15Mu + 33Fe-Grt + 35A1-Bt + 9Mg-Chl (r3) 

Mu + Fe-Grt + Ca-Grt ~ Fe-Bt + 3Ca-P1 (r4) 

27Mu + 6Mg-Chl + 22Fe-Chl ~ 6Fe-Grt + 27Fe-Bt + 7Mg-St + 100H20 (r5) 

and six exchange reactions (excluding isotopic exchange): 

MnMg_l[Bt] ~ MnMg_l [Chl] (r6) 

FeMg_ l[Bt] ~ FeMg_ l[Chl] (r7) 

MnMg_ 1[St] ~ MnMg_l [Chl] (rS) 

FeMg_l [ St] ~ FeMg_ 1 [ Chl] (r9) 

MnMg_ l[Grt] ~ MnMg_ l[Chl] (rl0) 

FeMg_l [Grt] ~ FeMg_l [Chl] (r11) 

A1-Bt in (r3) is the aluminous annite component in Bt, KFe2AIAI2Si2010(OH) 2. Gibbs' phase rule 
dictates that the system is characterized by 3 intensive degrees of freedom. The total variance, including 
both intensive and extensive independent parameters, is 12 (C + 2, including the amounts of the 9 oxide 
system components + 618Osys + 2) prior to addition of constraints imposed by degree of mobility of 
components. 

It is assumed that the externally derived H20 has a constant 6180 of 3.0%o, representing, arguably, 
the lowest 6180 typical of metamorphic waters [37]. Equation (33) specifies the behavior of 6180~y~ 
during infiltration of fluid with constant 6~80, and constitutes an extensive constraint which reduces the 
total variance of the system from 12 to 11. We also hold that system components other than H20 and 
t80 are invariant, providing 8 additional extensive constraints (i.e. "~Y~ -0) .  Assumption of a ~ q k  ~ H 2 0  - -  

constant porosity imparts a 10th restriction, specifically dMH2 o = 0. There are then 2 remaining linearly 
independent parameters which must be specified in order to calculate the isotopic and thermochemical 
evolution of the model system. 

Since the goal is to examine the system during infiltration of H 2 0  , d ~sys is taken to be one of the ' I H 2 0 ,  
two independent parameters. The value assigned to d~ys is the incremental change in the amount of ~ ' I H 2 0  

H20 used for numerical integration. In this case, it is constrained to be positive in as much as we are 
concerned with an infiltration process. The magnitude of the increment is somewhat arbitrary, being 
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Fig. 4. Changes in mineral 6~sO values, garnet composition (Grs = grossular; Sps = spessartime; Pyp = pyrope), mineral volumetric 
abundances, and P and T during progress of the garnet-growth reaction path described in the text. Reaction involves fractional 
growth of both Grt and St in the presence of a low-6tsO infiltrating aqueous fluid. Note the relatively small shifts in Grt and Bt 

6180. 

limited only by the fact that H'v, sys must be sufficiently small for meaningful numerical integration. A ~ I H 2 O  
useful magnitude corresponds to the assumed porosity, which in the present calculation is 0.2%. The role 
of  Grt is of  particular interest; so it is useful to choose as the final independent parameter dMG, t. The 

H~sys dictates the precise reaction path followed by sign and magnitude assigned to d M c ,  t relative to ~'~n2o 
the rock system. 

The low diffusivity of  oxygen in both garnet and staurolite precludes isotopic equilibration of the 
interiors of  these phases during reaction. The refractory nature of Grt and St was accounted for by 
addition of  equations of the form of (22) (resulting in no change in variance) to simulate their growth or 
resorption as a Rayleigh fractional process. Invoking fractionation does not significantly alter the results, 
but is required by preservation of both 6180 and cation zoning in the garnet. 

The system of  equations comprising the model  Gassetts system was solved by numerical integration 
using a variety of relative values for dMGr t and ~'JH20"n~sYs The mechanics of  implementing numerical 
evaluation of the equations has been described elsewhere [13] and is a standard utilization of  Jacobian 
matrices. Figure 4 shows the evolution of the model  Gassetts system for dMGr t and ,~sys increments of  ~ 1 1 H 2 0  
+ 0 . 0 5  moles and + 0.2 moles,  respectively. Results show that this reaction history, involving garnet 
growth in the presence of 1OW-6180 aqueous fluid, is incapable of  explaining the ca. 1%o zoning in garnet 
6180 at the low relative rate of  fluid infiltration implied by the model  MH2 o. Higher rates of  Grt growth 
relative to H 2 0  infiltration yield still smaller shifts in Grt 6180. Figure 5 shows the evolution of the 
system for a reaction path corresponding to increments of  - 0 . 0 5  and + 0.2 moles for dMGr t and d ~sys ~ I H 2 0 ,  
respectively. This reaction path can explain the recorded shifts in 6180 in the garnet with low rates of  
fluid flow. Since the decrease in garnet 6180 occurs during resorption in Fig. 5, it would only be evident 
at the absolute rims of fractionating garnets. Formation of  low-SaSO rims of appreciable size, like those 
found in the Gassetts schist [4,5], would require regrowth of garnet following resorption. The oxygen 
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Fig. 5. Changes in mineral S’s0 values, garnet composition, mineral volumetric abundances, and P and T during progress of the 

garnet-resorption reaction path described in the text. Reaction involves fractionation of Grt and St in the presence of a 10w-S’~0 

infiltrating aqueous fluid. Note the significant shift in Grt and Bt 6lsO. 

isotope ratios of the newly grown rims would be similar to the absolute rim values in Fig. 5 because, as 
shown in Fig. 4, even during continued fluid infiltration, fractional garnet growth produces al80 shifts of 
I 0.3%0 provided there is no significant increase in fluid flow rate. This can be visualized if one imagines 
rerunning the model shown in Fig. 4 starting with the final state of the system in Fig. 5. The contrast 
between changes in garnet al80 in Figs. 4 and 5 shows that reaction paths can’strongly influence the 
ability of an external fluid to affect changes in mineral 6l8O. 

A higher rate of fluid flow relative to garnet growth could be simulated by significantly increasing the 
value for Mn,o used in the calculations. For the same external fluid 6i8O value, greater amounts of 
water at each iteration (i.e. greater Mu,o for each increment of garnet growth or resorption) would 
produce larger decreases in garnet al80 than shown in Figs. 4 and 5. As a result, the garnet growth 
model in Fig. 4 becomes viable for explaining the observed garnet zonation. Alternatively, larger amounts 
of fluid possessing greater 6’*0 values would give results similar to those in Figs. 4 and 5. In short, the 
oxygen isotopic composition of the infiltrated fluid cannot be determined without prior knowledge of the 
rate of fluid flow relative to the rate of net-transfer reaction progress and uice uersa. The reaction path 
which attended fluid infiltration can still be constrained, however, because simultaneous solution of 
isotope ratio and thermodynamic equations affords additional information bearing on whether or not the 
garnet al80 zonation is the product of growth or resorption. 

The model calculations predict the covariations among garnet cation concentrations and S’*O values 
which should be recorded in the garnets for the computed reaction paths. The correlation between XsPS 
and al80 is positive for the garnet-growth path (Fig. 4) and negative for the garnet-resorption path (Fig. 
5). Negative correlations between these parameters are exhibited by the Gassetts garnets as abrupt 
increases in Mn concentrations coincident with the shift from a core 6180 value of 10.9 to a margin value 
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of 10.0%c [5], suggest ing that  the  ga rne t - r e so rp t ion  scenar io  is the  best  exp lana t ion  for the  avai lable  
data .  

In this example ,  the  d i f ferent ia l  equa t ion  a p p r o a c h  to mode l ing  isotopic  shifts a t t end ing  ne t - t r ans fe r  
reac t ions  reveals  that  ~ l S o  and cat ion zonat ions  in the  garne ts  of  in teres t  can be exp la ined  by two s tages  
of  ga rne t  growth s e p a r a t e d  by an ep i sode  of  ga rne t  r e sorp t ion  dur ing  inf i l t ra t ion of  a low-6180 aqueous  
fluid. The  prec ise  fluid 61SO involved in the  ga rne t - r e so rp t ion  reac t ion  is a function of  the  in fe r red  ra te  
of  f luid flow rela t ive  to the  reac t ion  ra te  (eq. 38). 

6. Conclusions 

The  d i f ferent ia l  equa t ion  a p p r o a c h  to mode l ing  var ia t ions  in minera l  6 l S o  in m e t a m o r p h i c  rocks has 
much to r e c o m m e n d  it over  o the r  methods .  The  pr inc ipa l  advan tage  is that  the  inhe ren t  d e p e n d e n c i e s  
among 81SO and o the r  t he rmochemica l  p a r a m e t e r s  are  accoun ted  for r igorously,  e l imina t ing  the need  
for a d - h o c  re la t ions  among p a r a m e t e r s  (cf. the  re la t ion  be tween  T and s c r equ i r ed  in [6,7]). The  
equat ions  can be  modi f i ed  to a c c o m m o d a t e  a var ie ty  of  m e t a m o r p h i c  condi t ions ,  including f rac t ional  loss 
of  fluid, f ract ional  growth of  minera l  phases ,  and  fluid infi l t rat ion.  Compar i sons  of  p r ed i c t ed  covar ia t ions  
among 61SO values,  ca t ion concent ra t ions ,  and minera l  abundances  to pa t t e rns  p rese rved  in na tu ra l  
rocks provide  useful  tools for dec ipher ing  m e t a m o r p h i c  ne t - t r ans fe r  reac t ion  histories .  In  addi t ion ,  such 
compar i sons  provide  a means  for de t e rmin ing  the relat ive impor t ance  of  compe t ing  processes ,  such as 
Os twald  r ipening,  dur ing  the textural  evolut ion of  m e t a m o r p h i c  rocks. G a r n e t  and s tauro l i te  are  
par t icu la r ly  well su i ted  for these  pu rposes  because  of  the i r  res is tance  to pos t -growth  oxygen exchange.  
The  m e t h o d  of  ca lcula t ion p r e s e n t e d  here  const i tu tes  the  necessary  f r amework  for eva lua t ing  smal l -scale  
var ia t ions  in 6180 in the  context  of  p a r a g e n e s e s  in m e t a m o r p h i c  rocks. 
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