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ABSTRACT

We present the first evolving interior structure model for sub-Neptunes that accounts for the miscibility between silicate magma
and hydrogen. Silicate and hydrogen are miscible above ~4000 K at pressures relevant to sub-Neptune interiors. Using the
H,-MgSiO; phase diagram, we self-consistently couple physics and chemistry to determine the radial extent of the fully miscible
interior. Above this region lies the envelope, where hydrogen and silicates are immiscible and exist in both gaseous and melt
phases. The binodal surface, representing a phase transition, provides a physically/chemically informed boundary between
a planet’s ‘interior’ and ‘envelope’. We find that young sub-Neptunes can store several tens of per cent of their hydrogen
mass within their interiors. As the planet cools, its radius and the binodal surface contract, and the temperature at the binodal
drops from ~4000 to ~3000 K. Since the planet’s interior stores hydrogen, its density is lower than that of pure-silicate.
Gravitational contraction and thermal evolution lead to hydrogen exsolving from the interior into the envelope. This process
slows planetary contraction compared to models without miscibility, potentially producing observable signatures in young
sub-Neptune populations. At early times (~10-100 Myr), the high temperature at the binodal surface results in more silicate
vapour in the envelope, increasing its mean molecular weight and enabling convection inhibition. After ~Gyr of evolution,
most hydrogen has exsolved, and the radii of miscible and immiscible models converge. However, the internal distribution of

hydrogen and silicates remains distinct, with some hydrogen retained in the interior.

Key words: planets and satellites: formation — planets and satellites: interiors — planets and satellites: physical evolution.

1 INTRODUCTION

Sub-Neptunes have sizes between ~1.8 and 4 Rg, masses between
~2 and 20 Mg, and orbital periods between ~1 and 100 d (e.g. A.
W. Howard et al. 2012; F. Fressin et al. 2013; E. A. Petigura, A.
W. Howard & G. W. Marcy 2013; Y. Wu & Y. Lithwick 2013; A.
Wolfgang, L. A. Rogers & E. B. Ford 2016; J. Chen & D. Kipping
2017). Sub-Neptunes are separated from their smaller counter-parts,
the super-Earths, by the ‘radius valley’, a paucity in planet occurrence
extending through parameter space (e.g. B. J. Fulton et al. 2017; V.
Van Eylen et al. 2018; E. A. Petigura et al. 2022). It is commonly
thought that many super-Earths and sub-Neptunes were formed as a
single progenitor population of silicate-rich interiors with H/He-
rich envelopes. Then, stellar-driven atmospheric escape stripped
the envelopes from planets with lower masses and smaller orbital
separations to form the population of super-Earths (e.g. E. D. Lopez
& J. J. Fortney 2013; J. E. Owen & Y. Wu 2013; S. Ginzburg,
H. E. Schlichting & R. Sari 2018; A. Gupta & H. E. Schlichting
2019). Evidence in favour of this scenario comes from multiple
observational channels, including direct observations of atmospheric
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escape from sub-Neptunes (e.g. L. A. Dos Santos 2023; R. O. P.
Loyd et al. 2025), agreement between atmospheric escape theory and
observations regarding radius valley trends as a function of orbital
period and stellar mass (e.g. J. E. Owen & Y. Wu 2017; A. Gupta
& H. E. Schlichting 2020), and populations of inflated young sub-
Neptunes (e.g. S. Vach et al. 2024; R. B. Fernandes et al. 2025; J. G.
Rogers 2025).

Unlike gas giants, whose mass budgets are dominated by their
large H/He-dominated envelopes, sub-Neptunes store most of their
mass in their rocky interiors. As a result, the silicate reservoir dictates
much of the chemistry acting inside a sub-Neptune. This can cause
composition and structural changes as a result of envelope gases
reacting with underlying magma oceans (e.g. Y. Chachan & D. J.
Stevenson 2018; E. S. Kite et al. 2020; E. S. Kite & L. Schaefer
2021; H. E. Schlichting & E. D. Young 2022; S. Charnoz et al. 2023;
O. Shorttle et al. 2024; J. G. Rogers, H. E. Schlichting & E. D.
Young 2024b; A. Werlen et al. 2025a, b). Studies have also shown
that silicate vapour, originating from a magma ocean, can alter the
envelope structure via the introduction of mean molecular weight
gradients. Whereas simple sub-Neptune models without chemistry
predict a convective hydrogen-rich envelope in contact with a magma
ocean, mean molecular weight gradients can inhibit convection, and
ultimately change the predicted radius of a sub-Neptune for a given

© The Author(s) 2025.

Published by Oxford University Press on behalf of Royal Astronomical Society. This is an Open Access article distributed under the terms of the Creative
Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,

provided the original work is properly cited.

GZ0Z JaquiaAoN gz uo 1sanb Aq 0Z1 91 £8/016 L1BIS/SRIUW/EE0 "0 L /I0p/3]01B-80UBAPR/SEIUW/WOD dNO"dIWapEI.//:SdNY WO} POPEOJUMO(]


http://orcid.org/0000-0001-7615-6798
mailto:jr2011@cam.ac.uk
https://creativecommons.org/licenses/by/4.0/

Hydrogen—silicate miscibility in sub-Neptunes

envelope mass fraction (e.g. J. Leconte et al. 2017; M. G. Brouwers
& C. W. Ormel 2020; C. W. Ormel, A. Vazan & M. G. Brouwers
2021; W. Misener & H. E. Schlichting 2022; A. Vazan & C. W.
Ormel 2023; M.-L. Steinmeyer & A. Johansen 2024; A. Vazan, C.
W. Ormel & M. G. Brouwers 2024).

A phenomenon that remains underexplored in the context of sub-
Neptunes is that of miscibility. To date, all sub-Neptune evolution
models assume a magma ocean surface, which separates a silicate-
rich interior from a H/He-rich envelope. The pressure and temper-
ature at this interior-envelope boundary dictates the chemistry at
play. Gases are typically allowed to dissolve inside the magma ocean
assuming a solubility law, and silicate vapour can evaporate into
the envelope. These build upon experimental studies showing that
hydrogen, among other gases, can dissolve into a magma ocean at
high temperatures and pressures (e.g. A. Shinozaki et al. 2014; H.
W. Horn et al. 2023). However, ab initio calculations have shown
that silicate melt and hydrogen are miscible above temperatures of
~4000 K (E. D. Young et al. 2024, 2025; L. Stixrude & T. Gilmore
2025). Miscibility implies that both chemical components merge
to form a single, supercritical, homogenous mixture, that can mix
in any proportion (see discussion in S. Markham, T. Guillot & D.
Stevenson 2022). Since simple, chemistry-free models suggest that
temperatures at interior-envelope boundaries can exceed ~10 000
K at early evolutionary phases, miscibility is therefore expected to
significantly alter a sub-Neptune’s structure and evolution. Crucially,
even models that consider solubility at a magma ocean surface with
temperatures < 4000 K will have missed the consequences of a phase
change occurring at the boundary between miscible and immiscible
regions deeper within the planet.

In this study, we introduce an evolving interior structure model for
sub-Neptunes that accounts for hydrogen—silicate miscibility. Our
paper is laid out as follows: in Section 2 we summarize the relevant
chemistry and physics required to model sub-Neptunes with miscible
interiors. We introduce our numerical model and present results in
Section 3, followed by discussion and conclusions in Sections 4 and
5, respectively.

2 METHOD

We seek to construct spherically symmetric 1D models of sub-
Neptunes in hydrostatic and thermochemical equilibrium, accounting
for the miscibility between hydrogen and silicate melt. Here, we
provide a brief primer on phase equilibria, and show how we
incorporate this framework into our planetary structure models.

2.1 Chemical phase equilibria

Miscibility between two chemical components occurs when their
intermolecular forces are similar in magnitude and length scale,
allowing the two components to form a single homogenous mixture.
This is in contrast to a gas dissolving into a fluid, in which case the
fluid can become saturated. Supercritical miscible mixtures, on the
other hand, can mix in any proportion. Our goal here is to utilize the
phase diagram for the hydrogen-silicate system and find the phase
boundary which demarcates regions of parameter space (namely,
temperature, pressure, and mole fractions) for which silicate melt
and hydrogen become miscible. We begin with the enthalpy, H, of a
system

H=U-PV, (1)

where U is the internal energy, P is the pressure, and V is the volume.
At constant pressure, A H is the energy released or absorbed during
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a chemical reaction. From this, we define the Gibbs free energy
G=H-TS, 2)

where S is the entropy. The Gibbs free energy is the energy available
for non-mechanical work of a system, such as chemical reactions. At
fixed P and T, chemical reactions proceed in the direction of lower
Gibbs free energy. From this one can define the chemical potential as
the derivative of the Gibbs free energy with respect to composition.
To avoid confusion with mean molecular weight, p, in this paper we
denote the chemical potential as v; for chemical component i

oG
Vi = ( ) ; (3)
0Xi /) p.1x;

where G is the Gibbs free energy per mole, and x; is the mole fraction
of component i. In thermochemical equilibrium, chemical potentials
for every component across all phases are equal. Thus, in order to
specify the conditions for chemical equilibrium, we calculate partial
derivatives of Gibbs free energies and find mole fractions for which
the derivatives with respect to mole fractions at a specified 7 and P
are equal.

2.1.1 Chemical mixtures

The change in Gibbs free energy due to mixing chemical components
is

AGmix = AI'}mix - TAgmim 4)
where all extensive properties are now molar, denoted with hats, and
‘mix’ subscripts refer to the changes due to mixing. An ideal mixture
is defined as one in which AHpix = 0. In this case, the change in
Gibbs free energy due to mixing becomes

AGideal mix = RT Z-xi 1nxia (5)

i

where R is the gas constant and we have used AS‘mix =
—R )", x; Inx;, derived from statistical mechanics due to the avail-
able configurations of the system.

For our system, we have two components; hydrogen and silicate,
and two available phases; melt and gas (or the fluid equivalent).
We denote mole fractions for these components as xy, and xg,
respectively. In a two component system, referred to as a binary
mixture, we have that xy, = 1 — x;. When denoting components in
a particular phase, we adopt the following notation, e.g. x}"l‘;“ and
xﬁzs for the mole fractions of hydrogen in the melt and gas phases,
respectively. From equation (5), the change in Gibbs free energy for
our binary ideal mixture is

AGigeamix = RT | (1 — xp1,) In(1 — xu,) + xp, Inx, |- (6)

In this study, we account for non-ideal mixing effects with non-
zero changes in enthalpy with mixing (e.g. AHpix # 0). We make
use of the results of L. Stixrude & T. Gilmore (2025), in which
density functional theory (DFT)-molecular dynamics simulations of

the H,—MgSiO; binary system were performed. They introduced an
asymmetric, non-ideal term to equation (6)

AGuix = RT|(1 = xi,) In(1 — x,) + 21, 1an2}
T P
+(1 — xu,)xn, (A(1 — xn,) + Bxy,) | 1 — c + o) @)
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Here, P is the pressure in GPa, and A = —6.26 x 103, B = 7.86 x
10°, C = 4.67 x 10%, and D = —35.0 are parameters fit to the DFT
simulations (L. Stixrude & T. Gilmore 2025).

The upper panel of Fig. 1 shows the change in molar Gibbs free
energy from non-ideal mixing A G from equation (7) at 3975 K
and 1 GPa. As previously stated, chemical potentials, or composition
derivatives of Gibbs free energies, for every phase of a component are
equal in thermochemical equilibrium. Thus, for a given temperature
and pressure, one determines the mole fractions of H; in the melt and
gas phase, x}*" and xjj, , respectively, by locating the values of xp,
for which the derivative of AGmix are equal. These are highlighted in
the top panel of Fig. 1 as blue circles joined by their mutual tangent.
The chemical potential is shown in the middle panel. We also require
that the second derivative of the Gibbs free energy at these locations
to be positive for a stable mixture.'

2.1.2 The binodal surface

The binodal, also referred to as a co-existence curve,? demarcates
regions of parameter space where a binary mixture is miscible
or immiscible. For the H,—MgSiO; system, it is calculated by
determining the mole fractions of hydrogen and silicate coexisting
in the melt and gas phases as a function of temperature and pressure
(as previously described). An example is shown in the bottom panel
of Fig. 1 at a constant pressure of 1 GPa. For temperatures below
the binodal, hydrogen and silicate are immiscible and co-exist in two
distinct phases; gas and melt. In a practical sense, this should be
interpreted as a mixture of hydrogen and silicate in the gas phase
(with the silicate forming ‘silicate vapour’ species such as SiO),
as well as liquid droplets of silicate melt with hydrogen dissolved
inside. For temperatures above the binodal, hydrogen and silicate
melt are completely miscible and form a homogenous mixture.

An important variable within our planetary model is the mass
fraction of H, in phase « contained inside each spherical mass shell,
defined as Xy, = My, /(Mg, + Mg)), where My and Mg, are the
masses of hydrogen and silicate (in phase «) within the shell. From
the binodal, we can calculate this quantity, specifically for the gas
phase

gas
gas XH, MH,

H, — _gas gas ’
Xp, MHy + Xg Msil

®

where up, = 2.016 and pg = 100.39 g mol~! are the mean molec-
ular weights of H, and MgSiOs, respectively. For a given pressure
and temperature, the above framework allows us to determine the
chemical composition of a sub-Neptune throughout its interior and
envelope.

The lower panel of Fig. 1 demonstrates the sensitivity of the
binodal surface as a function of hydrogen composition. For hydrogen
mole fractions close to zero or unity, the temperature drops rapidly
for a small change in composition. At intermediate hydrogen mole
fractions, a small change in temperature dramatically changes the
composition. These properties make solving for mole fractions from
the Gibbs free energies computationally non-trivial. To alleviate these

"Metastable mixtures can also exist where the second derivative of Gibbs
free energy of mixing is not positive. In this case, phase separation can occur
spontaneously without the need for nucleation. This is often referred to as
spinodal decomposition.

2Occasionally, the binodal is also referred to as a ‘solvus’, however, this is
typically in reference to a solid—solid mixture, such as in alloys or mineral
exsolution.
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Figure 1. Upper panel: the change in Gibbs free energy of mixing, AG nix,
at 3975 K and 1 GPa for a binary, non-ideal mixture of hydrogen and MgSiO3
(equation 7) as a function of H, mole fraction. Conditions for co-existence
of hydrogen in the gas and melt phases exist where the gradient of AG iy
(equivalent to the chemical potential, as shown in the second panel) are equal
and positive, as highlighted by the blue dashed line. The hydrogen mole
fractions in the melt, x{'l‘ze]t, and gas phases, xf;;s, are highlighted by blue
dot—dashed lines. Lower panel: the binodal, also known as a co-existence
curve, demarcates the boundary between miscible and immiscible regions
of parameter space. This is shown at 1 GPa. For temperatures above the
binodal, hydrogen and MgSiO3 melt form a homogenous miscible fluid. For
temperatures below the binodal, hydrogen and MgSiOs3 exist in two phases:
gas, including Hy, SiO, Mg, and O;, and silicate melt (rain) with hydrogen
dissolved inside.
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Figure 2. A schematic for the interior structure of sub-Neptunes. Moving
radially outwards from the planetary centre: the ‘interior’ is defined as the
region interior to the binodal surface. At the binodal, a phase change occurs
as the convective, miscible, hydrogen-silicate fluid speciates into gas and
melt phases. The region above the binodal is defined as the ‘envelope’.
The silicate vapour introduces a mean molecular weight gradient, which can
inhibit convection. In this case, heat is transported via conduction and radiative
diffusion. Silicate-rich melt droplets rain-out to rejoin the interior. Continuing
to move radially outwards, the envelope becomes unstable to convection and
the gas become progressively more hydrogen-rich. The very upper region
of the envelope is almost pure hydrogen gas, and heat is transported by
radiative diffusion. Radiative-convective boundaries (RCBs) are shown as
white dashed lines.

complexities, we use analytic functional fits to the binodal surface,
as described in Appendix A.

2.2 Planetary structure model

In our sub-Neptune models, we define the ‘interior’ as the region
with temperatures and pressures above the binodal surface, implying
a miscible hydrogen—silicate fluid. The ‘envelope’ is then defined as
the outer region with temperatures and pressures below the binodal
surface. In the envelope, hydrogen and silicate coexist in the gas and
melt (rain) phases. The general structure is presented as a schematic
in Fig. 2 and moves beyond the notion that sub-Neptunes have fixed
surfaces, often referred to as ‘magma ocean surfaces’. Instead, the
binodal surface provides a convenient demarcation between material
properties within the planet due to a chemical phase change. The
radial position of the binodal will not be constant over a planet’s
lifetime as the phase change front evolves with time.

As argued in H. E. Schlichting & E. D. Young (2022), E. D. Young
et al. (2024, 2025), and J. G. Rogers et al. (2024b), the presence of
hydrogen in a silicate-rich interior may affect the buoyancy of iron
droplets required for the formation of a differentiated iron core via
iron rain-out. For this reason, and for the sake of simplicity in this
initial study, we choose not to include iron in our planet models.
Here, we only consider the binary mixture of H,—MgSiO3, and leave
the addition of further chemical components for future work. We
also ignore the presence of helium, since the phase equilibria of the
H,-He-MgSiO; system has not been explored to date.
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To build a sub-Neptune model, we must solve the following
differential equations. First, for mass conservation
or _ 1
om ~ 4nrip’

)

where p is the density and m is the mass contained within radius r.
Then, for hydrostatic equilibrium

opP Gm
— = 10
om 4rd’ (10)
where G is the gravitational constant. Finally, for heat transport
oT Gm T

=-" "y, (1)

om ~ 4wt P
where V=01In7/01n P is the temperature gradient and depends
on the material properties. For each planetary model, we choose a
planet mass, M}, a global hydrogen mass fraction, Xy, = My, /M,
where My, is the total mass of hydrogen within the planet, and an
equilibrium temperature, T¢4. As adopted in many studies, we assume
the planet is in quasi-equilibrium at each evolutionary snapshot (e.g.
0/0t terms are ignored), which is valid if evolutionary time-scales
are sufficiently long when compared to the planet’s age (e.g. W. B.
Hubbard 1977; E. J. Lee, E. Chiang & C. W. Ormel 2014; A.-M. A.
Piso & A.N. Youdin 2014). We then connect these snapshots together
according to the conservation of energy in order to model evolution,
as discussed in Section 3.1. A corollary of this assumption is that
the internal luminosity is constant throughout the planet. We set this
luminosity as an additional free parameter, denoted as the luminosity
at the upper-most radiative-convective boundary, L. We confirm
a posteriori that an assumption of constant luminosity is valid in
Section 4.2.

2.2.1 Interior material properties

For regions of the planet with temperatures and pressures above
the binodal surface, hydrogen and silicate melt (MgSiO3 in our
case) are completely miscible and form a homogenous mixture. The
presence of hydrogen in the silicate melt reduces its density, creating
a puffier interior than in standard models. We assume the interior is
fully convective, meaning that the miscible silicate and hydrogen are
perfectly mixed. As a result, we assume a constant hydrogen mass
fraction throughout the entire interior, denoted as X, i, which we
solve for as part of our numerical procedure. To calculate the interior
density, we assume an ideal mixture of hydrogen and silicate melt
with use of a harmonic mean molar volume, which has been found to
best-fitting results from DFT simulations (E. D. Young et al. 2025).
The density of the uncompressed H,—MgSiO3; mixture is given by

PH,,0 + xg Psil,0 > ’ (12)
"

H Msil

Pmix,0 = (XH, UH, + Xsil fsil) (tz

where pp, 0 and pgo are the uncompressed densities of pure
hydrogen and silicate. For the compression of the MgSiO; melt,
we use the Vinet fit to the N. Koker & L. Stixrude (2009) equation of
state from A. S. Wolf & D. J. Bower (2018). For hydrogen, we use the
equation of state from G. Chabrier, S. Mazevet & F. Soubiran (2019).
For both species, we pre-calculate a grid of material properties and
interpolate during the numerical procedure (Section 2.2.3).

We assume the interior is fully convective with an adiabatic
temperature gradient

InT P
vad=(a“ ) 5 (13)
N

dmnpP /), Tocp’
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where we assume a constant specific isobaric heat capacity for
MgSiO; melt of cp = 1.195 x 10* J K~! kg™!, and § is a measure
of thermal expansivity

az—(alnp) , (14)
0lnT /,

which is calculated from the A. S. Wolf & D. J. Bower (2018)
equation of state tables. Note that both equation of state tables
for hydrogen and silicate melt, as well as the DFT molecular
dynamic simulations of L. Stixrude & T. Gilmore (2025), account
for effects such as molecular dissociation and ionization, hence
these processes are taken into account when calculating physical
and chemical properties. We assume the presence of hydrogen does
not alter adiabatic temperature gradients or thermal expansivities in
the interior. We confirm that the temperatures within the interior of
our sub-Neptune models are sufficiently greater than the liquidus of
silicate melt, such that we need not consider crystallization in the
planet mass range of 3 < M,/Mg < 12 considered in this study.

2.2.2 Envelope material properties

The envelope is defined as the region for which temperatures and
pressures are below the binodal surface. Hydrogen and silicate
decompose into the gas and melt phases. As in the interior, we use
the equation of state from G. Chabrier et al. (2019) for hydrogen.
We assume silicate vapour speciates into gaseous Mg, SiO, and O;.
In the absence of realistic equations of state for these species, we
assume the true densities of these high mean molecular components
follows the same fractional deviation from the ideal gas law as
hydrogen (based on the equation of state from G. Chabrier et al.
2019). Mathematically, we state that the gas density for an arbitrary
mean molecular weight at a given temperature and pressure is given
by
pnon—ideal(Pv T? MHZ)

Pideat (P, T, i)
where pjgea is calculated using the ideal gas law and ppon idea from
the G. Chabrier et al. (2019) equation of state.

The relative mole fractions of silicate vapour species are calculated
with use of the binodal, as described in Section 2.1. The mean
molecular weight of the gas is calculated as follows:

p(P, T, )= Pidea(P, T, 1), (15)

1
Hgas = Xig, M, + gxsgi?s(usm + umg + 1o,), (16)

where usio = 44.08, jve = 24.31, and o, = 32.00 g mol™! are
the mean molecular weights of Mg, SiO, and O,, respectively.

The melt phase corresponds to droplets of silicate melt with
dissolved hydrogen gas. We assume perfect rain-out of such droplets,
in that they fall under gravity and are heated as they rejoin the miscible
interior. Since most of the mass of a droplet is in silicate rather than
hydrogen, the rain-out process acts to distil the envelope to become
more and more hydrogen rich as temperatures and pressures drop
towards the top of the envelope.

Three heat transport mechanisms can operate in the envelope:
convection, conduction, and radiative diffusion. Like in the interior,
we again assume an adiabatic temperature gradient for convective
regions, in this case the moist adiabat from R. J. Graham et al. (2021,
their equation 1) to account for condensible silicate gas species and
rain-out. For this, we calculate the latent heat of condensation, L gq
with enthalpies for MgSiO; melt, SiO, Mg, and O, from the National
Institute of Standards and Technology (NIST) data base. We note that
the adiabatic temperature gradient V,q from R. J. Graham et al. (2021)
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was derived assuming an ideal gas law. To account for non-ideality,
we take a similar approach as in equation (15) for gas densities.
We state that the fractional deviation of the true moist adiabatic
temperature gradient from the ideal case of R. J. Graham et al. (2021)
follows the deviation between ideal and non-ideal hydrogen from G.
Chabrier et al. (2019). Mathematically

Va\d, Hj, non-ideal

Vad = Vzui, moist, ideal s (17)

Vad, Hy, ideal
where Vg H,, non-ideat cOmes from G. Chabrier et al. (2019),
Vad, Hy, ideat = 7/5 and Vg, moist, ideat cOmMes from R. J. Graham et al.
(2021).
In regions where heat is transported most efficiently by radiative
diffusion and conduction, the temperature gradient is given by

v _ 0lnT _ 3KeffPLer (18)
"= \dmP g 64TGmoTH

where o is the Stefan-Boltzmann constant and «.g is an ‘effective
opacity’ (A. Vazan & R. Helled 2020)

1 1 1
— ==+, 19)
Keff K Ke
where « is the Rosseland mean opacity of the gas and «. is the

conductive opacity, given by

_ 160 T3
e = 3pA

where A is the thermal conductivity. As in W. Misener, H. E. Schlicht-
ing & E. D. Young (2023), we take the electrical conductivities
for hydrogen from experimental results from R. S. McWilliams
et al. (2016) and then use the Wiedemann—Franz law to convert
these to thermal conductivities. We assert a lower bound of A =
2 x 10° erg s~' cm~! K™!, appropriate for nucleic contributions in
the parameter space region of interest (M. French et al. 2012).

We adopt a power-law optical opacity scaling for solar metallicity
gas from L. A. Rogers & S. Seager (2010) and J. E. Owen & Y. Wu
(2017)

| 3 10_2 T 0.45 P 0.68 - (21)
K=1.05X _— cm .
1000K 1 bar g

‘We highlight that very little study has been performed on gas opacities
in regions of parameter space relevant to the base of sub-Neptune
envelopes, where silicate vapour is likely present and will increase
the opacity. For now, we simply extrapolate equation (21) for all
regions, but note that this topic warrants more study.

To determine whether a region of the envelope is stable to
convection, we make use of the Schwarschild criterion, which states
that stability occurs when

(20)

Vrad < Vad . (22)

We also account for convection inhibition due to mean molecular
weight gradients following S. Markham & D. Stevenson (2021) and
S. Markham et al. (2022), in which a critical mole fraction is defined

L —1
X5 erie = Ki“ T 1) <% - 1)} : (23)
2

where /44,5 comes from equation (16) and (i is the mean molecular
weight of the condensed silicate-hydrogen melt

Mmelt = x]T;h Uu, + x;nﬂelt Msil - 24)

If x&° > x&° ., then convection is inhibited and heat is transported

by conduction and radiative diffusion.
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2.2.3 Numerical procedure

The independent variables for our planetary structure model are:
planetary mass, M, global hydrogen mass fraction, X y, , equilibrium
temperature, T4, and the luminosity at the outermost radiative-
convective boundary, L. To solve the equations for planetary
structure (equations 9-11), we use a shooting method with an
adaptive step RK4 5 integrator with relative and absolute tolerances of
107° and 108, respectively. The model is initialized with a guess for
the central pressure of the planet, P., central temperature, 7, outer
boundary radius, R;,, and hydrogen mass fraction within the interior,
Xu,,ini- We first integrate outwards from the planet’s centre, using
interior material properties (Section 2.2.2), until the temperature and
pressure fall below that of the binodal surface, indicating that a phase
transition has occurred and we have transitioned from interior to
envelope. We store the mass, radius, pressure, and temperature at the
binodal surface, labelled as My, Ry, Py, and T, respectively. We then
integrate outwards again from the binodal, now using the material
properties of the envelope (Section 2.2.2). In this region, Xff;s is
increasing as more silicate-rich melt rains out, distilling the envelope
to become hydrogen rich. In shooting methods, it is computationally
beneficial to shoot from the inner and outer boundary conditions to
some intermediate boundary (e.g. R. Kippenhahn, A. Weigert & A.
Weiss 2012). Therefore, we terminate the outward integration when
the temperature drops below 1500 K in the envelope, since at this
point X§. has plateaued to a constant value (very close to unity).’
We agairf store the mass, radius, pressure, and temperature at this
intermediate boundary, labelled as M;', R!, P!, and 7" (= 1500 K),
respectively, where upward-facing arrows denote the outward radial
direction of this integration. Finally, we now integrate inwards from
the planet’s outer boundary. The outer boundary condition is defined
with m = My, r = R,, P =0.1 bar, and T = T,,. We integrate
inwards, terminating at m = M;'. Again, we store radius, pressure,
and temperature at this interface as R, P¥, and T.%, respectively.
Inevitably, our initial guess of P, T, Rp,, and Xy, i, Will mean that
radius, pressure, and temperature do not match at the intermediate
boundary. Hence, we iterate this entire procedure with different
combinations of P, T¢, R,, and Xy, i until we have satisfied the
following set of equations

{RiL =Rl P'=P" TV =T (= 1500 K)} (25)

Finally, to close the set of equations, we also require the total
integrated hydrogen mass fraction to be equal to that specified in
the model

1 m=Mp ,

where Xy, (m) is the hydrogen mass fraction as a function of
planet mass calculated within a specific iteration of the shoot-
ing method. In practice, equations (25-26) are solved using the
MINPACK’s HYBRD algorithm with a numerical tolerance of 1075,
Once a converged model is attained, we post-process the pressure—
temperature profile to locate the planet’s photospheric radius, defined
as the location at which P = 2g/3k, where g is the gravitational
acceleration.

3Note that the positioning of this intermediate boundary is chosen purely to
aid in numerical convergence, but does not affect the solution found for a
given set of boundary conditions.
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3 RESULTS

Our results make comparison between two classes of models to
demonstrate the effects of miscibility in sub-Neptunes:

(1) STANDARD: The simplest conceivable model in which a pure
molten silicate interior has a fixed mass. A pure hydrogen envelope
is immiscible with the silicate interior. No chemistry is active in this
model.

(ii) MISCIBLE: Hydrogen is now miscible with the silicate melt
within the interior. The binodal surface defines the boundary between
miscible interior and immiscible envelope. Silicate vapour and rain
are present in the envelope and convection inhibition occurs in the
presence of sufficiently steep mean molecular weight gradients.

As a reminder, the sub-Neptunes in our models only consider the
H,-MgSiO; system. Among many additional chemical components,
we do not include iron or helium in this initial study. The presence
of either would act to increase the density of our modelled planets.

Our main results are summarized in Fig. 3, showing a schematic
for the evolution of these two models. In the STANDARD sub-Neptune
model, the interior-envelope boundary is defined as the size of a
pure-silicate sphere of a given mass. Over time, the planet contracts
as it radiates energy into space, however, the size of the interior
remains approximately constant. In this model, the temperature at
the boundary can be of order ~10 000 K when the planet is young,
and then cools over time to ~3000 K after Gyr of evolution. In
the MISCIBLE model, on the other hand, hydrogen is stored in the
envelope and interior. The interior-envelope boundary is defined by
a binodal surface, representing a phase change within the planet’s
radial structure. The interior contains a supercritical miscible mixture
of hydrogen and silicate. The envelope contains an immiscible
mixture of hydrogen and silicate, in both gas and melt phases. The
temperature at the binodal surface does not change significantly with
time, from ~4000 to ~3000 K over ~Gyr of evolution. Its radial
position, however, contracts with time and the interior exsolves a
larger fraction of hydrogen into the envelope.

An example structure profile for a 6 Mg sub-Neptune with equi-
librium temperature of 1000 K and global hydrogen mass fraction
of 5 per cent is shown in Fig. 4 as function of pressure, temperature,
and hydrogen mole fraction. The blue surface represents the binodal.
The centre of the planet has a pressure and temperature of ~9000 K
and ~ 3 x 10'! GPa (~ 3 x 10° bar). The interior has temperatures
and pressures above the binodal surface, meaning that the silicate
and hydrogen form a miscible mixture. The hydrogen mole fraction
is constant in the interior (~0.7, equating to a interior hydrogen mass
fraction of Xy, ine ~ 0.03). Moving radially out, the temperature and
pressure drop until the profile makes contact with the binodal surface.
At this point, hydrogen and silicate are immiscible and speciate into
a melt phase (silicate-rich rain with dissolved hydrogen), and a gas
phase (hydrogen with silicate vapour: SiO, Mg, and O;). The mole
fractions for these phases are represented as individual black lines
on the binodal surface. As temperature and pressure continue to drop
as one moves higher in the envelope towards the photosphere of
the planet, the silicate-rich melt rains out, meaning that the mole
fraction of hydrogen in the melt phase reduces, while the hydrogen
mole fraction of the gas phase increases. This distillation process
results in near-pure hydrogen gas at the top of the envelope. Fig.
4 also shows projections of this planetary profile in the pressure—
temperature plane (yellow) and hydrogen mole fraction—temperature
plane (pink).

MNRAS 544, 3496-3511 (2025)
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Figure 3. Schematic showing the evolution of two interpretations of sub-Neptune interiors. In the standard model, a silicate interior is distinct from a hydrogen-
rich envelope. As the planet contracts, the interior-envelope boundary does not significantly contract with time. The temperature at this interface can reach
of order ~10 000 K at early ages. In the miscible model, the interior-envelope boundary is defined by a binodal surface, which delineates regions in which
hydrogen and silicate are miscible or immiscible. The temperature at the binodal surface does not change significantly with time. The radial position of the
binodal surface contracts with time.
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Figure 4. The interior structure profile for a 6 Mg, sub-Neptune with equilibrium temperature of 1000 K and global hydrogen mass fraction of 5 per cent is
shown as a black line in pressure—temperature—hydrogen mole fraction space. The blue surface represents the binodal, demarcating regions of parameter space
where hydrogen and silicate melt are miscible or immiscible. In the interior of the planet, the temperatures and pressures are higher than the binodal, hence,
hydrogen and silicate melt are miscible and form a homogenous supercritical mixture. In the envelope, temperatures, and pressures are below the binodal,
meaning the chemical components speciate into melt and gas phases, with the respective hydrogen mole fractions represented by individual black lines. As
pressure and temperature drop, silicate-rich melt rains out, decreasing the hydrogen mole fraction in the melt phase, and increasing the hydrogen mole fraction
in the gas phase. Projections of the profile in the pressure—temperature plane and hydrogen mole fraction—temperature plane are shown on the left- (yellow

projection) and right-hand-side (pink projection), respectively.

3.1 Evolving models

We evolve our planetary models by solving for the conservation of
energy

dE,
dr

where L., is the radiative luminosity at the outer-most radiative-

convective boundary of the model (see equation 18) and E|, is the total

energy of the planet, given by the sum of thermal and gravitational
potential energies

My
Ep _ /0 (|:ZCPJ X;(m) T(m)] _ W) dm, (28)

where ¢, ; is the specific isobaric heat capacity for component i,
including hydrogen and silicate in melt and vapour phases, and
X;(m) is the mass fraction of this component. Heat capacities for

= —Lyew, 27

MNRAS 544, 3496-3511 (2025)

all gaseous species, e.g. Hy, SiO, Mg, and O,, are assumed to be
ideal. As discussed in Section 2.2, our structure models are assumed
to be in quasi-equilibrium in that we are implicitly assuming that
each snapshot of a planet’s history is very well approximated with
a stationary model (e.g. W. B. Hubbard 1977; J. J. Fortney & W. B.
Hubbard 2004; G. D. Marleau & A. Cumming 2014). In practice, we
construct a grid of models for a planet of a given mass, hydrogen mass
fraction, and equilibrium temperature by varying the luminosity at
the radiative-convective boundary, L, from 10?° — 10% erg s™'. We
then evolve the model by interpolating over this grid and solving for
energy conservation (equation 27) using a first-order Euler method
and ensuring a sufficiently small time-step At < |Ep|/Lc,, where
|Epl/ Ly is the cooling time-scale of the planet.

The initial conditions of the models will depend on a planet’s
accretion history, and atmospheric escape history during protoplan-
etary disc dispersal, referred to as ‘boil-off” (e.g. S. Ginzburg, H. E.
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Figure 5. The evolution of a 6 Mg sub-Neptune with equilibrium temperature of 1000 K and global hydrogen mass fraction of 3 per cent for two model classes.
A STANDARD model, shown in black, represents a simple case in which silicate melt and hydrogen cannot become miscible. The interior is a pure-silicate sphere
of fixed mass. Similarly, the envelope is pure hydrogen and fixed in mass fraction at 3 per cent. A MISCIBLE model, shown in blue, allows for miscibility between
silicate and hydrogen. The interior-envelope boundary is now defined by a binodal. Upper panels show the evolution of each planet’s photospheric radius,
envelope mass fraction, fraction of total hydrogen mass stored in the planet’s interior, and mass-averaged envelope mean molecular weight. Lower panels show
the binodal surface in radius, temperature, and pressure—space, as well as the interior density. Note that the binodal surface does not exist for the STANDARD

model, as it assumes an inert core, hence we show the interior-envelope boundary.

Schlichting & R. Sari 2016; J. E. Owen & Y. Wu 2016; Y. Tang,
J. J. Fortney & R. Murray-Clay 2024; J. G. Rogers, J. E. Owen
& H. E. Schlichting 2024a). Whilst modelling these processes is
beyond the scope of this initial study, we choose to initialize all
models with the same cooling time-scale, which is analogous to the
Kelvin—Helmholtz time-scale and a useful proxy for planet entropy.
We choose a value of 100 Myr, motivated by simulations of boil-off
(see J. E. Owen & Y. Wu 2017; J. G. Rogers et al. 2024a). As a
reminder, the cooling time-scale is defined as fcoo; = | Epl/ Ly We
discuss our choice in initial conditions in Section 4.3.

Each model is evolved from 5 Myr to 10 Gyr. For this initial study,
we only consider the thermal evolution of sub-Neptunes, and do not
include the effects of atmospheric escape which would act to reduce
the hydrogen mass fraction with time.

In Fig. 5, we show the evolutionary sequence of our fiducial sub-
Neptune of 6 Mg and hydrogen mass fraction of 3 per cent under the
STANDARD and MISCIBLE model frameworks shown in black and blue,
respectively. The upper panels show the planetary radius, envelope
mass fraction, fraction of total hydrogen mass stored in the interior
and mass-averaged mean molecular weight of the envelope. The
lower panels show the position of the binodal surface in radius,
temperature, and pressure space, as well as the density of the interior.
Note that in the STANDARD sub-Neptune model (black), a binodal
surface does not exist. Hence, we show the position of the interior-
envelope boundary in radius, temperature, and pressure space.

In the MISCIBLE model, hydrogen is stored in the interior and
envelope. As the planet cools, it exsolves a more massive envelope.
One can see the fraction of total hydrogen mass stored in the interior
reduces from ~75 to 10 per cent. The presence of this hydrogen in

the interior reduces its density when compared to the pure-silicate
STANDARD interior. When the planet is young, the binodal radius is
significantly larger than the STANDARD interior-envelope boundary,
meaning the envelope sits further out in the planet’s gravitational
potential well. As a reminder, the binodal surface represents a
location of a phase change within the planet. As it evolves, the
binodal temperature reduces marginally from ~4000 to 3000 K. The
radial position of this surface must contract, which can be understood
simply since the binodal surface approximately follows an isotherm
with time, as dictated by the binary phase diagram from Section 2.1.
An isotherm must move inwards for a cooling spherical body, hence
the same for the binodal surface. This is in contrast to the STANDARD
interior-envelope boundary temperature which cools from ~6500
to 3000 K while remaining at an approximately constant size. As
the binodal surface temperature drops in the MISCIBLE model, less
silicate vapour is present in the envelope and so the mass-averaged
mean molecular weight also drops with time.

The gravitational binding energy of a MISCIBLE model is neces-
sarily larger (less negative) than that of a STANDARD model of the
same radius, since more silicate mass resides higher in the potential
well. As a result, for our models which are initialized with the same
cooling time-scale, equivalent to entropy, MISCIBLE models begin
more contracted than STANDARD models. Fig. 5 demonstrates that the
subsequent radial contraction of a MISCIBLE sub-Neptune is slower
than that of the STANDARD case. To understand these differences,
Fig. 6 shows the energy budgets of both models in the left- and right-
hand side, respectively. The black line shows the radiative luminosity
leaving the planet at the uppermost radiative-convective boundary.
Since we are not considering any mass-loss, this represents all the

MNRAS 544, 3496-3511 (2025)
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Figure 6. The energy budget for a 6 Mg sub-Neptune with equilibrium temperature of 1000 K and global hydrogen mass fraction of 3 per cent. STANDARD and
MISCIBLE models are shown in the left- and right-hand panels, respectively. The radiative luminosity at the upper-most radiative-convective boundary is shown
in black, and represents the total energy lost from the system. The contributions to this loss in energy come from changes in gravitational binding energy, —U,
shown in dashed lines, and thermal cooling, —E, shown in dot—dashed lines. These are shown for the silicate and hydrogen mass reservoirs in orange and blue,
respectively. Grey lines indicate when an energy loss term becomes negative, implying an increase in a specific energy component.

energy leaving the system at a given time. The orange and blue lines
show how this energy is extracted from the silicate and hydrogen
mass reservoirs, respectively, with both co-existing in the interior and
envelope. Energy can be lost from changes in gravitational binding
energy e.g. contraction, U, shown in dashed lines, or thermal cooling,
E, shown in dot-dashed lines. The sum of the energy extracted
through gravitational contraction and thermal cooling for silicate and
hydrogen sum to the radiative luminosity at the radiative-convective
boundary. If an energy loss term ever turns negative, implying an
increase in energy, we represent this with a grey line.

In the STANDARD case, Fig. 5 shows that energy is extracted in
comparable amounts through thermal cooling and contraction. Since
the silicate dominates the mass of the planet, there is more energy lost
from the silicate when compared to the hydrogen. One can see from
Fig. 5 that there is a very small contraction of the silicate interior due
to the temperature dependence of the silicate melt equation of state.
This effect is significant enough to cause a change in the binding
energy of the silicate. Coupled with the fact that the STANDARD sub-
Neptune model has the maximum envelope mass, since no hydrogen
is stored in the interior, these effects combine to cause significant
contraction of the planet with time. Note that the thermal energy of
the hydrogen, Ey,, increases for a very brief phase at the start of the
evolution. This is due to rapid contraction causing a small heating
effect. This energy source is several factors smaller than the other
terms and thus has little effect on the planet’s evolution.

In the MISCIBLE case, on the other hand, the vast majority of energy
is lost from gravitational contraction of silicate. This is because the
interior is less dense due to the presence of hydrogen, and so more
silicate material sits higher in the gravitational well (see Fig. 5).
Again, the silicate dominates the mass of the planet, and so in order
for the planet to contract, the silicates must settle deeper into the
gravitational well, which dominates the energy budget. While the
silicate is settling deeper into the gravitational potential, hydrogen
exsolves from the interior. As a result, the planet does not contract
as rapidly as the in the STANDARD sub-Neptune model. The next
dominant sources of energy loss are the gravitational contraction and
cooling of the of the hydrogen. Lastly, the smallest contribution to

MNRAS 544, 3496-3511 (2025)

changes in energy is the thermal cooling of the silicate. In fact, for
the first ~200 Myr, the silicate’s thermal energy increases. This is
because the central temperature of the planet also gradually increases
with time since the binodal surface increases in pressure for a similar,
although also gradually decreasing interior mass. This compression
of the interior causes the central temperature to increase. This is also
in contrast to the STANDARD model, for which the central temperature
is monotonically decreasing with time.

3.2 Varying hydrogen mass fraction and planet mass

We now investigate the effects of varying the hydrogen mass fraction
and planet masses of sub-Neptunes. In Fig. 7, we show the evolution
of 6 Mg sub-Neptune models with hydrogen mass fractions of 1
per cent, 3 per cent, and 10 per cent. STANDARD and MISCIBLE models
are shown in solid and dashed lines, respectively. General results
are shared for both classes of models. Sub-Neptunes with larger
hydrogen mass fractions are larger in size with interior-envelope
boundaries (defined by the binodal surface in the MISCIBLE case)
existing at larger radii, temperatures, and pressures. However, there
is very little variation in the binodal temperature in MISCIBLE model
for varying hydrogen mass fraction. Again, this is because the binodal
surface is dictated by the phase diagram of the H,—-MgSiOj; binary
system.

In Fig. 8, we show the same evolution but now for varying planet
masses of 3, 6, and 12Mg with a hydrogen mass fraction of 3
per cent. One can see that smaller mass planets are larger since
their gravitational potential wells are shallower and so the hydrogen
envelope is less bound. The effect is compounded in the MISCIBLE
models by the fact that smaller mass planets have lower central
temperatures and pressures, and thus store less hydrogen in their
interiors. As a result, smaller mass planets host larger envelope
mass fractions, further increasing their radii when compared to larger
mass planets. We highlight that atmospheric escape, if present, will
preferentially remove hydrogen-dominated material from lower mass
planets, which would act to reduce their size. We discuss this in
Section 4.3.
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Figure 7. The evolution of 6 Mg sub-Neptunes with equilibrium temperature of 1000 K and global hydrogen mass fractions of 1 per cent, 3 per cent, and 10
per cent for two model classes. A STANDARD model, shown in solid lines, represents a simple case in which silicate melt and hydrogen cannot become miscible.
The interior is a pure-silicate sphere of fixed mass. Similarly, the envelope is pure hydrogen and fixed in mass fraction. A MISCIBLE model, shown in dashed
lines, allows for miscibility between silicate and hydrogen. The interior-envelope boundary is now defined by a binodal. Upper panels show the evolution each
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in radius, temperature, and pressure—space. Note that the binodal does not exist for the STANDARD model, hence we show the interior-envelope boundary.
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Figure 8. Same as Fig. 7 but for sub-Neptunes of varying masses, including 3, 6, and 12Mg,. All planets have a hydrogen mass fraction of 3 per cent and
equilibrium temperature of 1000 K. STANDARD and MISCIBLE models are shown in solid and dashed lines, respectively.
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Figure 9. Planet properties at 10 Myr and 5 Gyr are shown across a range of planet masses and hydrogen mass fractions in the upper and lower panels,
respectively. STANDARD and MISCIBLE models are shown in solid-squares and dashed-circles, respectively. Planet photospheric radii, envelope mass fractions,
and fractions of total hydrogen mass stored in interiors are shown as a function of planet mass in the left-, central-, and right-hand panels, respectively. Note
that planet models only include hydrogen and silicate, without the inclusion of iron or helium. As a result, these models should not be used to compare with

exoplanet observations.

Finally, in Fig. 9, we show mass—radius relations for our grid of
models across planet mass and hydrogen mass fraction. We also
show envelope mass fractions and fractions of total hydrogen mass
stored in planet interiors. Models are evolved for 10 Myr in the upper
panels and 5 Gyr in the lower panels. These relations should thus be
interpreted as planetary isochrones. STANDARD and MISCIBLE models
are shown in solid and dashed lines, respectively.

Planet radii differ between STANDARD and MISCIBLE models by
several tens of percent at young ages, with miscibility resulting in
systematically smaller planet sizes. This is more apparent at earlier
epochs since planets with higher energy store more of their hydrogen
in their interiors, reducing envelope masses, and enriching envelopes
with more silicate vapour. As discussed in Section 3.1, this causes
silicate to sit higher in the gravitational well and also results in
slower contraction. However, there is very little difference between
STANDARD and MISCIBLE planet properties at 5 Gyr. As shown in
Figs 5, 7, and 8, MISCIBLE sub-Neptunes exsolve larger envelopes
with time, eventually converging close to the STANDARD envelope
mass fraction. In addition, Fig. 5 shows that envelopes become
more hydrogen rich with time, meaning the chemical composition
of STANDARD and MISCIBLE models also converge. The temperature
at the interior-envelope boundary additionally converges over Gyr
time-scales. These effects all contribute to the similarities in planet
properties at 5 Gyr shown in Fig. 9. One can see that STANDARD
models are fractionally larger in size for a given mass. This is because
MISCIBLE models have smaller envelope mass fractions, despite
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their binodal radii being larger than STANDARD interior-envelope
boundaries. The only exception is for largest masses and largest
hydrogen mass fractions (e.g 12Mg with a hydrogen mass fraction
of 10 per cent), in which case the binodal radius is substantially
larger, meaning the MISCIBLE model is marginally larger in size than
the STANDARD model.

Finally, we highlight again that our interior structure models do
not include the presence of iron or helium, among various other
chemical components. Iron would pre-dominantly act to increase the
density of the interior (E. D. Young et al. 2025), while helium would
act to increase the density of the envelope. As a result, we would
expect planet radii to be systematically smaller (of order ~tens of
per cent) for a given mass with the inclusion of iron and helium.
Since both of these chemical components are thought to be prevalent
in sub-Neptunes, the mass—radius relations shown in Fig. 9 should
not be used to compare with exoplanet observations.

4 DISCUSSION

Our results suggest the need for a conceptual shift in the way we
interpret the interiors of sub-Neptunes. In previous studies, the sim-
plest sub-Neptune models have considered a hydrogen-dominated
envelope atop an inert silicate-rich interior. Building from this, some
studies have also considered the chemical interactions at the interior-
envelope boundary, including the evaporation or dissolution of gases
into and out of the silicate magma ocean. In this study, we address the
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fact that silicate melt and hydrogen are expected to be fully miscible
above temperatures of ~4000 K. We define the binodal surface to
delineate regions in which silicate and hydrogen become miscible or
immiscible. The binodal surface contracts with time, and the interior
exsolves a larger envelope mass as the planet cools. Here we discuss
implications, limitations, and future work.

4.1 Miscibility versus solubility

Previous works have investigated the dissolution of gases into or
out of a magma ocean by means of a solubility framework (e.g. A.
Paonita 2005; Y. Chachan & D. J. Stevenson 2018; E. S. Kite et al.
2020; E. S. Kite & L. Schaefer 2021; T. Lichtenberg et al. 2021; H. E.
Schlichting & E. D. Young 2022; S. Charnoz et al. 2023; H. Nicholls
etal. 2024; O. Shorttle et al. 2024; A. Vazan et al. 2024; J. G. Rogers
et al. 2024b; Y. Ito et al. 2025; A. Werlen et al. 2025a, b). Typically,
this is done with Henry’s law, which itself is an approximation to the
full non-ideal mixing framework described in Section 2.1 in the limit
of low temperatures and low solute concentrations (e.g W. M. White
2020). Consider Henry’s law applied to hydrogen gas dissolving into
a silicate melt

A= he iy, (29)

where xﬁ‘;“ is the hydrogen mole fraction dissolved in the silicate

magma ocean, /. is the appropriate Henry’s law constant that is in-
dependent of concentration and often determined from experiments,
and fy, is the hydrogen fugacity in the atmosphere (equivalent
to partial pressure in an ideal system). This relation is a good
approximation to the full non-ideal mixing framework in the limit of
low temperatures and low H, concentrations. In order to capture the
mutual solubility of silicate and H, with this approach, as evidenced
by the binodal, analogous equations would also be needed for the
hydrogen-rich phase, simulating silicate evaporation into a super-
critical hydrogen envelope with appropriate Henry’s law constants.
However, considering the full binodal surface, one finds a strong
divergence from Henry’s law at intermediate mole fractions, such as
near the crest of the binodal, which is relevant for the interiors of
sub-Neptunes (see Fig. 4). If Henry’s law is extrapolated to arbitrary
temperatures and larger solute mole fractions (for a given pressure),
then one would miss the existence of a phase change as the two chem-
ical components become entirely miscible. Previous studies have
thus likely over/underestimated the gas content dissolved in magma
oceans in chemical equilibrium. This highlights the impact of misci-
bility on the geochemistry occurring in sub-Neptunes, in addition to
the physical structure and thermal evolution discussed in this paper.

4.2 On the prevalence of convection inhibition

Multiple studies have shown that mean molecular weight gradients
can inhibit convection in the deep interior of sub-Neptune envelopes
(e.g.J.Leconte et al. 2017, 2024; C. W. Ormel et al. 2021; W. Misener
& H. E. Schlichting 2022; M.-L. Steinmeyer & A. Johansen 2024;
A. Vazan et al. 2024). Whereas modelling efforts have considered
the evaporation, dissolution, and rain-out of magma ocean chemical
components, our work introduces a new framework which revolves
around phase equilibria. We do not define a magma ocean surface, but
instead a binodal surface, which separates the miscible H-MgSiO;
interior from the immiscible envelope with separate gas and melt
phases. We use the phase diagram for the binary H,—~MgSiO3 system
to self-consistently calculate the mole fractions of each component in
each phase. We do not, however, allow for chemical reactions to take
place between these chemical components to produce other species,
such as water (W. Misener et al. 2023).
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Fig. 10 shows evolution profiles of our fiducial 6 Mg sub-Neptune
with a hydrogen mass fraction of 3 per cent and equilibrium
temperature of 1000 K at 10 Myr, 100 Myr, and 1 Gyr. We show the
pressure—temperature and radius—temperature profiles in the upper
panels and hydrogen mass fraction and mean molecular weights
profiles in the middle panels.

Convection inhibition occurs when there is a sufficiently steep
mean molecular weight gradient caused by the presence of conden-
sible species (SiO, Mg, and O, in our case) that are heavier than the
background gas (hydrogen, in our case). By necessity, this can only
occur just above the binodal surface, since the reservoir for silicate
vapour species is in the interior. Convection inhibition is unlikely to
occur in the miscible interior since miscible mixtures can mix very ef-
ficiently, and the interior is expected to be fully molten and vigorously
convecting. The insets in Fig. 10 show that a very small convection-
inhibited region exists at the earliest evolutionary phases. Since
heat is transported predominantly through radiative diffusion and
conduction, the temperature gradient is much steeper than that of a
convective moist adiabat. As a result, the temperature drops by ~100
K through an increase in altitude of ~100 m. The younger the planet,
the hotter the binodal surface, and thus the more silicate vapour
species are present in the envelope. This is confirmed by lower hydro-
gen mass fractions and higher mean molecular weights as a function
of radius. After ~100 Myr, the convection-inhibited zone is gone. We
confirm that models in which convection inhibition is not permitted
are nearly indistinguishable from our MISCIBLE models, meaning this
mechanism has negligible effects on a planet’s long-term evolution.

We note that previous studies have found a more significant
impact of convection inhibition on planetary evolution. A. Vazan
et al. (2024) considered the effects of convection inhibition in the
context of pebble rain-out in the post-formation phase. As a result,
the silicate mass in the envelope was significantly larger and settled
from further out in the gravitational well than in our case. This
resulted in more substantial convection-inhibited zones than seen in
our work. This latter study, along with other previous investigations
of convection inhibition (e.g. W. Misener & H. E. Schlichting 2022;
W. Misener et al. 2023), have not included the effects of miscibility.
As aresult, temperatures at interior-envelope boundaries were higher,
introducing more silicate vapour in the envelope and thus larger
regions for which steep mean molecular weight gradients can inhibit
convection. In addition, explicitly including the chemical production
of water in the envelope, results in more silicate vapour in the
envelope than when only the silicate-hydrogen system is considered
(W. Misener et al. 2023).

In regions of a planet in which convection is not the dominant
energy transport mechanism, one requires the internal luminosity
passing through the region to calculate the temperature gradient
(equation 18). In our model, we have assumed a constant luminosity
throughout the planet, which comes from the assumption of models in
quasi-equilibrium, e.g. /0t = 0 in the energy conservation equation

oL oT S0P

- pot’

a = —Cp g (30)

where the first and second terms represent energy released due
to thermal cooling and PdV work, respectively. To validate our
assumption of constant luminosity, we post process our fiducial
6 Mg model by integrating equation (30) through the planet from a
lower boundary condition of L(rm = 0) = 0 at 10 Myr, 100 Myr, and
1 Gyr. Time derivatives in equation (30) are calculated using a first-
order Euler method between successive profiles in the evolutionary
sequence. These luminosity profiles are shown in the bottom panel of
Fig. 10. One can see that the luminosity is very close to being constant
above the binodal surface. In all cases, we find a fractional increase

MNRAS 544, 3496-3511 (2025)

GZ0Z JaquiaAoN gz uo 1sanb Aq 0Z1 91 £8/016 L1BIS/SRIUW/EE0 "0 L /I0p/3]01B-80UBAPR/SEIUW/WOD dNO"dIWapEI.//:SdNY WO} POPEOJUMO(]



3508 J. G. Rogers, E. D. Young and H. E. Schlichting
Irrn'l—rnrn'l-rm-prm—rrrm—rnrm-rm-rm—prm—rmm— | T T T | T T T | T T T |
g i 4000 \?; i g 4000
o 10* | \“\ = o 10* [
= E { 3 o 3500
_.5 B \—D\ e ] _.5 B N [
5| 1 5 | =SS ]
g | ——t = 10 Myr i g 5 -
() — t =100 Myr ()
T 108 b—t=1cyr 4 Tk .
| ~1TA h||j||| h|j||| hm” h||||| h||j||| h|j||| hm” h||||| h||j|||- o | 1 1 1 | 1 1 1 | 1 1 1 | n
1012 109 108 108 0 2 4 6
Pressure [Pa] Radius [Rg]
T oI - I T T T I T T T I T T T I
E — 10? itk P ittt =
g | E ] E MgSlO3 E
53 1 88 ]
39 1 <28 T 1
5= 1 S50k -
& | g@ F ]
] o9 B ;
= 1 = = [ Ha ___ O OO = =
1 | 100 =l | 1 1 1 ] 1 1 1 ] 1 1 1 |
6 0 2 4 6
Radius [Rg]
1026 I T T T I T T T I T T T I ].()2 I T T T I T T T I T T T I
" - o 1 - - 1
5 | A -
8,10% - 1 L0t -
27 1 =2 1
o i | N
o) 20 L | bt - ]
E 10 g 10—4 | ]
g - . %)
3 A - i
A i i
1017 1 1 1 | 1 1 1 | 1 1 1 | wll 1 1 1 | 1 1 1 | 1 1 1 L1
0 2 4 6 0 2 4 6

Radius [Rg]

Radius [Rg]

Figure 10. The interior structure profile for a 6 Mg sub-Neptune with equilibrium temperature of 1000 K and global hydrogen mass fraction of 3 per cent at
10 Myr, 100 Myr, and 1 Gyr. Binodal surfaces are shown as squares, whilst photospheric radii are shown as circles. Upper panels show pressure-temperature
and radius—temperature profiles, middle panels show the hydrogen mass fraction and mean molecular weight as a function of radius, and lower panels show
luminosity and density profiles. Insets in the upper panels demonstrate the diminishing convection inhibition near the binodal surface as the planet cools over
time. Note that luminosity profiles are calculated by post-processing evolution models.

in luminosity of <10 per cent between the binodal surface and
photosphere. We also confirm that the luminosity at the uppermost
radiative-convective boundary is within 10 per cent of the value
asserted for each model as a free parameter (see Section 2.2.3). This
implies that equation (30) is only weakly coupled to the remaining
structure equations (9), (10), and (11) in this physical problem. We
note that the luminosity is not required to calculate the temperature
gradient in convective regions under the assumption of an adiabatic
temperature gradient, such as the interior of the planet where lumi-
nosity is clearly not constant from Fig. 10. This validates our assump-
tion of a constant luminosity in calculating temperature gradients
in convection-inhibited regions, particularly noting the significant
uncertainties in radiative and conductive opacities in this region also
required to calculate temperature gradients in equation (18).
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4.3 The effects of atmospheric accretion and escape

Our study has only considered the thermal evolution of sub-
Neptunes, and ignored atmospheric escape and gas accretion,
which will certainly affect the evolution of such highly irradiated
planets.

The planet formation sequence, including solid and gas accretion,
will be strongly affected by the miscibility between hydrogen and
silicate. As a progenitor planetary embryo forms, it must remain
molten in order for the miscibility with hydrogen to take effect.
In this study, we have implicitly assumed that the entire interior is
molten and thus available to mix with hydrogen. If this is not the
case, then only a fraction of the planet’s interior will be miscible
with the accreting hydrogen gas. One way to interpret this scenario
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is a hybrid between our STANDARD and MISCIBLE models, since
STANDARD models do not allow any inclusion of hydrogen in the
interior.

Nevertheless, assuming some significant portion of the interior
is molten and available for miscibility with the envelope, then the
gas accretion process will likely be altered by the consequences of
hydrogen—silicate miscibility. In a standard model for sub-Neptune
structure, gas accretion requires the envelope to contract deeper
within the Bondi radius such that more gas becomes graviationally
bound on to the planet from the local protoplanetary disc (‘to cool is
to accrete’, e.g. E. J. Lee & E. Chiang 2015; S. Ginzburg et al. 2016).
However, miscibility will allow most of this hydrogen to be stored in
the interior. It is unclear how the competition between miscibility and
accretion will play out during the disc phase, hence this investigation
is left for future work. This also extends to atmospheric escape during
protoplanetary disc dispersal, referred to as atmospheric ‘boil-off’ (S.
Ginzburg et al. 2016; J. E. Owen & Y. Wu 2016; Y. Tang et al. 2024;
J. G. Rogers et al. 2024a). In the standard model, the dramatic loss
of envelope material is expected to prematurely cool a planet, which
may expedite the envelope exsolution process from the interior. It
also sets the initial entropy of the planet for the post-disc phase.
While we have accounted for this by setting all planets to have the
same initial cooling time-scale of 100 Myr (which in turn sets the
planet entropy), motivated by boil-off simulations from J. E. Owen
& Y. Wu (2016) and J. G. Rogers et al. (2024a), the initial cooling
time-scale may be different if miscibility is allowed to act. We leave
this for future work.

In the post-disc phase, stellar-driven atmospheric escape will
continue to sculpt sub-Neptune properties (e.g. E. D. Lopez & J. J.
Fortney 2013; J. E. Owen & Y. Wu 2013). The mass—radius relations
at 5 Gyr presented in Fig. 9 will certainly be affected by this process.
Lower mass, highly irradiated planets will lose more atmosphere,
which acts to produce a positive gradient in the mass—radius relation
of sub-Neptunes, as observed in the exoplanet demographics (see
J. G. Rogers, H. E. Schlichting & J. E. Owen 2023). For the most
irradiated planets, atmospheric escape can strip entire hydrogen-
dominated envelopes, producing super-Earths. Under our framework
of miscibility, this is still expected to occur. As the envelope is
removed over 10-100 Myr, the interior will continue to exsolve its
hydrogen reservoir until it has cooled below the solidus of a silicate
mixture and crystallizes. At this point, any remaining hydrogen
may become locked in the interior, producing slightly underdense
interiors when compared to Earth (e.g. J. G. Rogers et al. 2024b,
2025).

We have stressed that our planet models do not include iron or
helium, meaning our planet radii are systematically larger than in
models that would include these chemical components. However,
the general qualitative results should remain the same. One can see
from Fig. 9 that the introduction of interior-envelope miscibility
does not significantly alter the size of planets after Gyr of evolution.
However, one can also see that the envelope masses can be several
factors smaller, due to significant hydrogen mass fractions stored in
the planets’ interiors. This means that, while mass-radius inferences
may infer the correct hydrogen mass fraction, the envelope mass
fraction may be overestimated by several factors. This is particularly
true for more massive planets, which exsolve smaller mass envelopes.
Since we also expect larger mass planets to retain larger hydrogen
mass fractions due to atmospheric escape, it may be that the envelope
mass fractions (but not the hydrogen mass fractions) are relatively
constant across a broad range in sub-Neptune masses as a result of
these competing effects.
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4.4 Model limitations

The goal of our modelling efforts was to re-evaluate the interior
structure of sub-Neptunes in light of miscibility of hydrogen and
silicate melt (S. Markham et al. 2022; E. D. Young et al. 2024; L.
Stixrude & T. Gilmore 2025). However, many assumptions were
made to simplify this initial framework. First, and as previously
stated, other chemical species such as iron (E. D. Young et al. 2025)
and helium were not included. In addition we have not included
H, 0, which has recently been shown to be miscible with H, across a
broad range of parameter space (e.g. A. Gupta, L. Stixrude & H. E.
Schlichting 2024). Ideally, DFT simulations are required for the H,—
He-H,0-Fe-MgSiOj; system in order to cover a minimally spanning
sub-Neptune model with all expected major chemical components.
Note that chemical equilibrium can also change the abundance of
these components, such as with the production of endogenous water
(e.g. E. S. Kite & L. Schaefer 2021; H. E. Schlichting & E. D. Young
2022; E. D. Young, A. Shahar & H. E. Schlichting 2023; J. G. Rogers
et al. 2024b, 2025; A. Werlen et al. 2025b). In our model, we assume
silicate vapour speciates into gaseous SiO, Mg, and O,. However,
W. Misener et al. (2023) showed that these species react with the
background hydrogen to produce H,O and SiH, (silane), which can
change the mean molecular weight of the envelope. Whilst this effect
will not significantly change the thermal evolution and structure of
sub-Neptunes, it will affect the presence of any silicate vapour species
in the upper atmosphere, which may be detected with atmospheric
spectroscopy.

As always, interior structure modelling is dependent on our knowl-
edge of material equations of state. We have assumed equations of
state for silicate melt from N. Koker & L. Stixrude (2009) and A.
S. Wolf & D. J. Bower (2018) and hydrogen from G. Chabrier et al.
(2019). However, the equations of state for the mixture of these
species is currently unknown. We assumed ideal mixing between the
two equations of state in the interior, as supported by DFT simulations
(e.g. E. D. Young et al. 2024, 2025), however, this does not include
changes to adiabatic temperature gradients, thermal expansivities,
or heat capacities. Similar to equations of state, our knowledge of
opacities and conductivities of hydrogen and silicate mixtures is
limited at high pressures and temperatures (M. Eberlein & R. Helled
2025).

Other assumptions of our model include a fully convective and
molten interior with adiabatic temperature gradient, as well as perfect
rain-out of silicates from the envelope. J. Leconte et al. (2017)
showed that condensation-inhibited convection can lead to stable
radiative or conductive layers near a cloud layer, which our model
does not account for. The convection-inhibited zones seen in our
models are small and thus inconsequential for the interior structure
and evolution of such planets. However, if condensation-induced
convection-inhibited zones form, then the assumption of constant
luminosity must be reassessed. These model improvements are left
for future work.

5 CONCLUSIONS

In this study, we have introduced a framework for sub-Neptune inte-
rior structure and thermal evolution that accounts for the miscibility
between H, and MgSiO3;. We compared this model to a standard
model consisting of an inert interior and a non-interacting hydrogen
envelope in which no miscibility can occur. Our conclusions are as
follows:

(i) The binodal surface for the hydrogen—silicate phase diagram
represents a boundary between regions of parameter space where
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hydrogen and silicate are miscible or immiscible. We advocate for
using the binodal to demarcate the boundary between interior and
envelope within a sub-Neptune. The ‘interior’ is defined as the region
in which temperatures and pressures are above the binodal surface,
meaning hydrogen and silicate form a supercritical, miscible mixture.
The ‘envelope’ is defined as the region in which temperatures and
pressures are below the binodal surface, meaning hydrogen and
silicate are immiscible and exist in both gaseous and melt (rain)
phases.

(i1) Sub-Neptunes store a significant fraction (several tens of per
cent) of their hydrogen mass in their interiors as a direct result of
miscibility. As a planet thermally cools and its radius contracts, its
interior exsolves a larger mass envelope and the binodal surface
contracts. Temperatures at the binodal surface reduce from ~4000
to 3000 K.

(iii) Since sub-Neptune interiors hold large quantities of hydrogen,
their densities are reduced from that of pure silicate. As a result,
silicate material sits higher in the gravitational potential well and
alters how sub-Neptunes contract. Instead of energy being lost
predominantly from thermal cooling and contraction of the hydrogen
envelope, as is the case in a standard model, the vast majority of
energy is lost from a miscible sub-Neptune due to gravitational
contraction of the silicate melt, while exsolving some of the hydrogen
from the interior. This effect means that miscible sub-Neptunes
contract slower than planets in the standard scenario.

(iv) When a sub-Neptune is young (~10-100 Myr), the temper-
ature at the binodal surface is hotter, meaning more hydrogen is
stored in the interior and more silicate vapour is present in the
envelope. This latter effect means the bulk envelope mean molecular
weight is elevated, and mean molecular weight gradients can inhibit
convection. These effects combine to cause the radii of a young
miscible sub-Neptunes of a given mass and hydrogen mass fraction
to be reduced when compared to the case without miscibility.

(v) After ~Gyr of evolution, sub-Neptune interiors have exsolved
most of their hydrogen, and the envelope holds less silicate vapour
with no convection inhibition. As a result, the radii of sub-Neptunes
with or without the effects of miscibility are very similar for a given
mass during this epoch. However, the radial distribution of hydrogen
and silicates still differs and some hydrogen remains stored in the
planet’s interior.

(vi) A solubility framework, such as Henry’s law, is not sufficient
to capture the significant effects of miscibility on sub-Neptune
structure and thermal evolution. Crucially, extrapolation of such
frameworks to arbitrary temperatures and concentrations (as is
required for sub-Neptunes) misses the existence of phase changes
within the planet.

In this initial study, we have neglected the effects of additional
chemical components, including iron, helium, and water. Since all of
these species are expected to be present in sub-Neptunes, future
studies should include them in a self-consistent thermochemical
framework. This also requires further work on understanding their
phase equilibria and equations of state. Furthermore, future work
should be done on the implications of miscibility on planet formation,
gas accretion, and atmospheric escape, to understand how we may
provide robust observational tests as to the prevalence of interior-
envelope miscibility within sub-Neptunes.
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APPENDIX A: AN ANALYTIC FIT TO THE
BINODAL SURFACE

Calculating the partitioning of the H,—-MgSiO3 system into melt and
gas phases from first-principles involves finding the mole fractions of
each phase that produce identical chemical potentials with a positive
second derivative of the Gibbs free energy (Section 2.1). Given the
extreme sensitivity of the binodal surface, this is computationally
challenging, especially noting that high numerical tolerance is
required for converged solutions within the interior structure solver
described in Section 2.2.3. To mitigate this problem, we pre-calculate
the binodal surface to a high accuracy and then fit analytic functions
to its form as a function of hydrogen mole fraction, xy,, and pressure,
P, in GPa. This is shown in Fig. Al. The analytic binodal surface
temperature, 7T}, is given by a piece-wise function

f&) xu, < xc

8(¥) xmy > xe A

10g10[Tb(xH2s P)] = {
where x. = 0.73913 is the critical mole fraction at the crest of the
binodal surface (L. Stixrude & T. Gilmore 2025) and X and ¥ are
transformed variables, defined by

xi, — % = log,, <x;2) Xty < Xe, (A2)

C

_ M) XH, > Xe. (A3)

xu, — § =log, <l =
c

© The Author(s) 2025.

H> mole fraction

Figure Al. The binodal surface, as described in Section 2.1 is shown in
black for various pressures. The analytic fit to this surface, as provided in
equations (A1)—(A11), is shown in orange-dashed lines.

The ascending function, f, is defined as

1

a3
fE) =a;+a [1 + a3 exp{—ay(¥ — as)}} , (A4)
where
_L
o3
a) =logy Te — oz {1 + o3 exp{oy a5}] s (AS)

and o = —4.515523, a3 =0.075651, a4 = —0.933822, a5 =
—2.206251, and T is the temperature at the crest of the binodal
surface, defined as

T.=E|(1 P A6
(14 7). o

where D = —35.0 GPaand E = 4223.0 K (L. Stixrude & T. Gilmore
2025). The descending function, g is itself a piecewise function

<« ) & ¥ > o
8(9) { &) ¥ =< (A7)
where Ji, = —5 and g, shares its functional form with f
%
&) =P+ B {1 + B3 exp{—Ba(y — ﬁs)}} 3, (A3)
where
*
B =log), Tc — B2 [1 + B3 exp{Bs4 ﬁs}} , (A9)

and p, =0.544371, p5 =30.217687,
—1.712032. Finally, g, is log-linear

Bs = 2.504075, ps =

82(5) =45 + Po. (A10)
where B is given by
Bo = &1(Fo) — 4o. (A11)
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